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Foreword

In the work at hand we focused on the analysis and the design of clinical trials
for biologics. The methods and the results are published in two articles:

1. Lange MR, Schmidli H: Analysis of clinical trials with biologics using dose-
time-response models. Statistics in Medicine 2015. 34(22):3017–3028. [1]

2. Lange MR, Schmidli H: Optimal design of clinical trials with biologics using
dose-time-response models. Statistics in Medicine 2014; 30(30):5249-5264.
[2]

Even though the two papers are related and build on one another, each one
illuminates a different aspect of the topic. While the first one suggests and
discusses a class of statistical models which takes the special characteristics of
biologics into account, the second one uses these models for the construction of
better and more robust clinical trial designs. The journal in which both papers
were published focuses on applied statistics. This fact has two consequences.

First, we had little freedom in writing extensively about the nonstatistical back-
ground to this work. The first chapter is supposed to compensate for this fact.
We will start by giving an overview about biologics and how they differ from
conventional drugs. We will explain what exactly biologics are and what they are
used for. We will also shed some light on their history and justify why they are
currently a hot topic in the pharmaceutical world. We will continue by describing
the process of clinical drug development so that the type of clinical trials we will
be focusing on will be more easily put into perspective. Furthermore, we will pro-
vide a selective overview about the science of clinical pharmacology and explain
how to quantify the effects of drugs on the human body. This will clarify the
mechanisms behind the models that are used throughout this work. An under-
standing of how the body and drugs interact will also be necessary to understand
some of the differences between biologics and conventional drugs.

The second consequence is that the target audience is statisticians and hence a
thorough understanding of basic statistics was presumed. As a result, the applied
statistical methods tend to be presented in a very compact manner and might be
difficult to understand for someone unfamiliar with the topic. For that reason,
the methods chapter gives some more information on the statistical methods. We
will not spend much time on mathematical details but rather focus on providing
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an intuitive understanding on how they work. Both frequentist and Bayesian
methods will be presented. We will also explain the principles of optimal design
theory.

We will close this article with a discussion.
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Summary

Biologics such as monoclonal antibodies are increasingly and successfully used for
the treatment of many chronic diseases. Unlike conventional small drug molecules,
which are commonly given as tablets once daily, biologics are typically injected
at much longer time intervals, i.e. weeks or months. Hence both the dose and
the time interval have to be optimized during the drug development process for
biologics. To identify an adequate regimen for the investigated biologic, the dose-
time-response relationship must be well characterized, based on clinical trial data.
The proposed approach uses semi-mechanistic nonlinear models to describe the
dose-time-response relationship. Both likelihood-based and Bayesian methods for
inference and prediction are discussed. Furthermore, we consider optimal exper-
imental designs of clinical trials for estimation and prediction of these complex
nonlinear models. Both locally optimal and conservative Bayesian designs will be
considered. For finding the optimal designs, we use the particle swarm optimiza-
tion algorithm and compare this procedure to a more classical approach which is
based on the general equivalence theorem. Particle swarm optimizers are success-
fully used in various applications, but have only recently been applied in finding
optimal designs. The methodology is illustrated with data from a clinical study
in an auto-immune disease.
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1 Introduction

1.1 What are biologics/monoclonal antibodies?

Biologics differ from standard, chemically synthesized pharmaceutical products in
the way they are produced. Technically, biologics are any medicinal products that
are gained from a biologic process and hence are made from living cells. They
are manufactured in or are extracted from a variety of natural sources (humans,
animals or microorganisms) and the field of biologics is quite diverse: some are
used for the treatment of diseases, others are intended to prevent or diagnose
medical conditions. It includes blood or blood components, vaccines, tissues,
gene therapies, recombinant proteins, and many more.[3] Even though the term
"biologics" refers to this wide range of biological products, it is often used more
restrictively for a class of therapeutic drugs which is based on proteins that are
produced by biologic processes.[4] So when we talk about biologics in this work,
this will be the definition we are referring to. The main focus will be on monoclonal
antibodies (mAbs), which currently represent the biggest and arguably the most
relevant subgroup among biologics.

Whenever pathogenic agents (such as bacteria, viruses, toxins) enter the body,
they present to the body antigens. The term antigen is derived from antibody
generation and refers to any substance (or part thereof) which can be identified
by immune cells such as white blood cells or leucocytes and, upon identification,
will cause a type of white blood cells called plasma B cells to start producing anti-
bodies against it. Each plasma B cell is specific to a single antigen and produces
only a single kind of antibody. [5] The small site on the antigen which is actually
recognized by the immune system and to which an antibody may bind is called
an epitope or antigenic determinant. The range of possible binding sites on an
antigen is large, and each site has its own distinct structure. An antibody, also
commonly referred to as an immunoglobulin (IG), is defined as “an immunoglob-
ulin capable of specific combination with the antigen that caused its production
in a susceptible animal.” [6] Antibodies are typically produced as a response to the
invasion of foreign molecules in the body even though in some cases, the body’s
own proteins act as antigens and induce an autoimmune response. Their primary
function is to bind to their specific antigens and "label" them for destruction by
the immune system or to neutralize them directly.

Each antibody consists of four polypeptide subunits which are bound together
via covalent bonds called disulfide bridges and form a large, Y-shaped structure.
Two of these polypeptides are identical copies of a large heavy chain, the other
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two are identical copies of a shorter light chain. Every single antibody contains a
constant and a variable region. The two antigen specific arms of that Y-shaped
unit, in particular the tip of those arms, make up the variable region and perform
the actual antigen binding. As the name suggests, they are highly variable and
vary from one antibody to another. In theory, there could be a different antibody
for each of the multitude of potential antigens that the body might be exposed
to. [5]

The "tail" of the IG that makes up the constant region allows it to bind to
immune cell receptors. It consists of the two copies of the heavy chain and
determines which class of antibodies it belongs to. There are a total of five
different types: IgD, IgA, IgM, IgG and IgE. These subclasses differ in the number
of disulfide briges and in the length of the tail region. Each of these five types of
antibodies serves a different function in the host immune response and determines
the mechanism the antibody uses to fight off the pathogenic invasion. While each
class has the same exact constant region, this region differs from one class to
another. Among therapeutic antibodies, the most common type is the IgG class,
which is the most abundant class of antibodies in the blood: it comprises about
75% of the total serum antibodies. IgG has a half life ranging from 7 to 23 days.
[7]

When an antibody binds to its specific antigen, the resulting antibody-antigen
complex elicits a series of responses by the immune system, which have the ulti-
mate goal of inhibiting and removing the pathogen. Additionally, the binding of
the antibody to the antigen further stimulates the plasma B cells to manufacture
more antibodies which bind to that specific antigen. There are different defense
mechanisms to inhibit the pathogen: antibodies can neutralize the target directly
by blocking important proteins on its surface and thus rendering its attack ineffec-
tive. By binding to the antigen of a virus, for example, it may inactivate its ability
to bind onto receptors of healthy cells. An alternative defense mechanism is called
agglutination and describes the process where several antibody-antigen complexes
can aggregate to form an insoluble complex that inactivates the pathogen. After-
wards, this entire complex can be broken down by macrophages, a type of white
blood cell that engulfs and digests cellular debris in a process called phagocytosis.
Additionally, antibodies can activate a mechanism called complement activation.
An antibody which binds to the antigen of the invading microbe labels it for
destruction by cytotoxic T cells, a type of white blood cell which kills cancer
cells, infected cells or damaged cells. Upon destruction, the remaining debris can
then be picked up by macrophages. This cytotoxic mechanism is also known as
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antibody-dependent cell mediated cytotoxicity and may explain the efficacy of
some antibodies in cancer therapy. [7]

Any individual plasma cell only produces a single type of antibody. Antigens,
however, might have several different epitopes. Once the antibody-antigen com-
plex is formed, it will signal different types of plasma cells to proliferate and these
different types of plasma cells will then produce different types of antibodies.
However, these antibodies are still designed to bind to the same antigen, only
to different epitopes of that antigen. These antibodies are known as polyclonal
antibodies: a mixture of different antibodies which all bind to a specific antigen
but may differ in the epitope that they attach to. A natural occurring immune
response to an invading antigen is always polyclonal. Monoclonal antibodies,
however, are antibodies produced by identical immune cells which are all clones
of a single B cell.[8] As a consequence, they only bind to a single epitope. The
main potential advantages of monoclonal antibodies over polyclonal antibodies
when used as a therapeutic drug are rather obvious: their high specificity elimi-
nates unwanted cross-reactivity and their high homogeneity tends to provide more
consistent and reproducible results.

The idea of producing monoclonal antibodies which bind to almost any given
substance makes them a potentially very effective tool in the development of
both therapies and diagnostics. Once, for example, a specific cell receptor is
associated with some disease, the idea is to find a monoclonal antibody which
is specialized in recognizing this very structure. Taking cancer therapy as an
example, they might selectively bind to the receptors of cancer cells. These cells
can then be explicitly attacked, leaving any healthy cells unharmed. The potential
payoff would be to cause fewer side effects than in classical chemotherapy.[9] In
the early 20th century, Paul Ehrlich was the first person to propose the concept of
such a "magic bullet" compound, which could target and attack a certain disease-
causing organism. While polyclonal antibodies are relatively easy to generate, [10]
the mass production of monoclonal antibodies imposed a challenge which took
some time to overcome. An early idea was to inject an antigen into the organism
of e.g. a mouse and thus causing the proliferation of plasma cells that produce
antibodies against it. The next step would then be to to isolate those plasma
cells which produce the antibody of interest. Once isolated, those plasma cells
could be cultured or grown and the produced antibodies could be harvested. The
problem with this method of isolating plasma cells is that they very quickly die
following their removal from the organism. It wasn’t until 1975 that an alternative
method was published by Georges Köhler, Cäsar Milstein, and Niels Jerne.[11] It

9



is based on the fusion of antibody-producing plasma B-cells with cells from a
human bone marrow cancer cell line called multiple myeloma. Cancer cells are
immortal, and they have the ability to survive outside an organism and can divide
indefinitely in any medium that contains nutrients. The production can essentially
be divided into three steps: The first step is to find an organism with a healthy
and functioning immune system, e.g. a mouse, and inject it with an antigen that
binds to the antibody of interest. One then waits for it to produce the antibody-
producing plasma cells and then draws blood. Due to the high concentration of
plasma cells among spleen cells, the blood is typically drawn from the spleen or the
spleen is removed alltogether. Step number two is to mix those spleen cells with
the myeloma cancer cells in a polyethylene glycol solution, which causes those
cells to fuse into hybrid cells called hybridoma. These resulting new cells unite
the properties of their parent cells: from the plasma B cells, they gain the ability
to produce a specific antibody and from the myeloma cell the ability of unlimited
growth. Some of those created cells are cancer plasma cells which produce the
antibody of interest. In a third step, the hybridoma cells are screened many
times with assays in order to determine and isolate those cells which produce the
particular antibody of interest. All the other cancer plasma cells are removed.
The remaining hybridoma cells produce exactly the antibodies of interest and
can then be further propagated in laboratory cultures or in mice to allow mass
production of the monoclonal antibodies.

The discovery of this method was a breakthrough and later awarded with the
Nobel price. Nonetheless, the first therapeutic monoclonal antibodies which were
produced like this were not very successful. Since they were obtained from ani-
mals, people who received infusions would tend to develop their own antibodies
against the foreign ones. The consequences were not only the destruction of the
injected antibodies and the nullification of their effect, but also severe side effects
ranging from joint swelling and rashes to life-threatening injury or adverse effects
such as kidney failure. It took another nine years until techniques to humanize the
monoclonal antibodies were discovered, which was a big step towards reducing
the reactions that they produced in some patients. With modern techniques it
is even possible to go one step further and to produce "fully" human antibodies.
[12]

Differences to conventional drugs

The most striking difference of monoclonal antibodies to conventional drugs is
their size: Classic drugs usually consist of small, chemically synthesized active-
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substance molecules. A typical example of a classical drug would be acetylsalicylic
acid, the active ingredient of Aspirin, which is approximately 0.5 nanometres long
and has a molecular weight of about 180g/mol. By contrast, monoclonal an-
tibodies are approximately 21 nm long and can be as heavy as 150,000 g/mol.
[13] The molecule size has some direct consequences. Small molecules can typ-
ically be manufactured into tablets, which are then given orally on a daily basis.
They dissolve in the gastrointestinal tract and the active substance is absorbed
into the bloodstream. Because of their small size, they can easily penetrate cell
membranes and reach almost any desired destination in the body.[14] Monoclonal
antibodies cannot be taken orally. If eaten, they would be digested in the stom-
ach and their effect would be nullified. [14] This is why they are (so far) always
administered as an injection. This is also known as parenteral administration and
includes subcutaneous, intramuscular and intravenous routes. Since they tend to
remain in the body for a long time [14], the time interval between the injections
can be quite large, for example weeks or even months.

Monoclonal antibodies are used as treatment for a wide range of diseases. Most
of those diseases can be divided into two areas. One area comprises inflammatory
diseases like rheumatoid arthritis, asthma or acute rejections of organ transplants.
The other area is cancer. So far, almost 50 different therapeutic monoclonal
antibodies have been approved in the US or Europe [15], and with many hundreds
of mAbs currently being evaluated in clinical studies, this number will probably
be significantly larger in the future.[16] Another purpose for mAbs is diagnostic
tests, where they can be used to detect the presence of a certain substance. In
2012, six out of the ten best selling drugs were monoclonal antibodies. In 2013,
the global market for antibodies was worth almost $63.4 billion and this number is
expected to grow to nearly $125 billion in 2019 [15], which is the biggest portion
of sales growth in the pharmaceutical industry. Since their unfortunate beginnings
in the 1980s, monoclonal antibodies have nowadays developed into a promising
and commercially successful group of drugs.

1.2 Clinical drug development

Before clinical drug development starts, there is a pre-clinical phase, in which some
active component is first searched for and then examined in microorganisms or
animals. If an identified agent is expected to be safe, it may enter the clinical
phase. At this point, it is for the first time tested on humans to explore if it is
tolerated and safe. The clinical drug development is divided into different phases,
each of which has distinct functions and goals. According to the guidelines of the
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US Food and Drug Administration (FDA) [3], it involves three to four steps:
Phase I trials are usually done in a small group of about 20-100 healthy volun-

teers. Real patients are exceptionally used if the treatment is expected to make
healthy individuals sick. As an example, this is usually the case in oncology trials
where the used drugs tend to be very toxic. The main goal of phase I trials is
to explore the drug’s pharmacokinetics and pharmacodynamics (more information
about this topic will follow later) with respect to safety and tolerability in humans.
Due to the uncertainty about its effect on the human body and safety issues, a
small number of participants is typically entered sequentially at a rather small
dose. If well tolerated, a new group of participants will receive a higher dose.
This process goes on until unacceptable tolerability (or unacceptable toxicity in
cancer studies) is observed. One aim of this phase is to determine the maximum
tolerated dose (MTD), which gives information about the drug’s tolerability or
toxicity and helps to determine an appropriate dose for the following phase.

Once a safe range of doses is found, one can proceed to the next phase. Phase
II trials are carried out in patients. In phase IIa, the aim is to find out if the drug
may be efficacious. Consequently, they are referred to as Proof of Concept (PoC)
studies. If successful, the aim of phase IIb studies is then to gain an understanding
of the dose-response relation (or rather the dose-time-response relationship in the
case of examining monoclonal antibodies). Understanding this relationship is also
crucial for suggesting one or more appropriate dosing regimens for following phase
III trials.

Phase III trials are done on a very large group of patients, maybe hundreds
or even thousands of participants. They are designed to give final confirmation
of the safety and efficacy of a drug. The recommended dosing regimens after
phase II are compared to the current standard treatment (or to placebo). The
goal is to give proof for a significant and clinically relevant difference in order
to demonstrate the additional benefit to clinical practice. Furthermore, safety is
evaluated. The information obtained from these trials will be used to decide if it
can be approved. Confident statements about safety and efficacy typically require
large trials with a relatively long duration. Consequently, phase III trials are the
most expensive trials to run.

Phase IV trials are conducted after market approval. They are not always re-
quired by regulatory authorities and the reasons to conduct them vary. Since a
much larger patient population is now available, they can be designed to assess
rare adverse effects, long time effects, interactions with other drugs or to examine
the effect on patients that were not included in the studies (e.g. different eth-
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nical groups, pregnant women, people suffering from a certain chronic disease,
etc.). Results of phase IV studies might alter the previously recommended dosing
regimen. In the more extreme case of the discovery of rare but severe adverse
effects, the drug might even be taken from the market.

In this work, we will mainly focus on the design and analysis of phase IIb trials.

1.3 Clinical pharmacology and PK/PD modelling

Earlier, we pointed out some differences between biologics and conventional drugs.
One of them was the frequency of admissions. Conventional (low molecular
weight) drugs usually have a half-life of several hours and need therefore be
dosed once or twice daily. An antibody can stay active much longer and conse-
quently one injection can remain effective for weeks. Since patient compliance
for taking the drugs is often a problem, the long half-life of biologics is actually
a major advantage. However, it makes clinical drug development more compli-
cated, as the time component considerably gains importance. In order to provide
a better understanding about the differences between monoclonal antibodies and
conventional drugs in terms of interaction with the body, we will now give a quick
overview about clinical pharmacology. More details are provided in e.g. the book
Pharmacokinetic&Pharmacodynamic Data Analysis by Gabrielsson&Weiner.[17]

The basis of clinical pharmacology is the idea that the intensity of drug effects
is a function of the amount of the drug in the body. The branches of clinical
pharmacology include the areas of pharmacokinetics and pharmacodynamics.

1.3.1 Pharmacokinetics

In simple words, pharmacokinetics is "what the body does to the drug".[18] The
word itself is a combination of the words pharmakon and kinetikos, ancient Greek
for drug and moving. It examines the fate of a drug after the administration to
a living organism. Typically, the whole process is divided into the subcategories
absorption, distribution, metabolism, and excretion (ADME). In most cases, drug
concentrations are only measured in the blood plasma. Not only is it convenient,
but it provides an "average" drug exposure throughout the whole body and is
usually in equilibrium with the important eliminating organs such as the liver and
kidney.

Drug absorption is the process of the drug entering the blood circulation. It
directly affects a drug’s bioavailability, which quantifies the fraction of a drug that
is absorbed and available to produce its systemic effect. Naturally, this process
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depends a lot on the form of administration. For reasons of convenience, the oral
administration in form of for example tablets or liquids is traditionally the most
popular one. If a drug is orally administered, the absorption may already start
in the mouth or in the stomach. If this is not wanted, it can be avoided by for
example giving the drug as an injection.

The site of absorption is often far away from its actual target site where the
drug is supposed to perform its action. The way it is transported to wherever
in the body it is needed is known as distribution. After drugs are absorbed into
the blood, they tend not to spread evenly throughout the body. Depending on
the physical and chemical properties of the drug, the distribution can be very
versatile. Often, one differentiates between drugs that dissolve into water and
drugs that dissolve into fat. The former tend to stay within the blood or other
body fluids, the latter tend to concentrate in fatty tissue. Other factors that
potentially influence the distribution might include blood flow to tissues or the
physical volume of the patient.

It is a principle that all drugs should eventually be eliminated from the body.
Some drugs are eliminated intact, others will first be metabolized as part of the
drug elimination process of the body. Metabolization means that the drug is
in some way chemically altered. Technically, every biological tissue has some
ability to metabolize drugs, but most metabolization processes occur in the liver.
Even though there are some drug metabolites that are still pharmacologically
active, the metabolism principally inactivates drugs. The goal of this process is
to prepare them for excretion. The way a drug is eliminated depends heavily on
its characteristics. If the drug (or its metabolites) are water soluble, they tend to
be excreted by the kidneys into the urine. Other drugs are excreted in the bile
and then eliminated in faeces.

It is important to keep in mind that PK/PD models do not usually aspire
to fully describe all undergoing biologic processes. In fact, the understanding
of pharmacology is too limited to allow for purely mechanistic models. This
is especially true, when, as it is in this work, the aim is to analyse or design
phase II trials. At this point in time, the knowledge about the pharmacology is
often limited. Quantifying what exactly happens in the body will require some
simplifications.

An important assumption one often makes is linear pharmacokinetics. This
means that the shape of the concentration curve C(t) that we are modelling will
be unchanged for different doses. We illustrate this idea in Figure 1: If C1(t) is
the concentration curve after a dose D1 = 1, then D · C1(t) will describe the
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it can also be something more high level such as a score describing how itchy a
patient with urticaria or in how much pain a patient with gout is.

Depending on the drug effect, some PD models might be more appropriate
than others. However, most PD models have some common attributes. First of
all, they are typically assumed to be strictly monotonic increasing, i.e. a higher
drug concentration will lead to a higher drug effect. Furthermore, linear models
are rather uncommon in clinical praxis. One reason for this is that there is hardly
any drug whose effect continues to increase endlessly when increasing the dose.
At some point, a saturation effect will set in. Even when we assume that a
drug does not become toxic in higher doses, its effect will at some point reach
a plateau. Linear models are suitable in rare cases where only very low doses
can be administered due to, for example, bad tolerability of the drug. In this
case, the drug effect for the relevant dose range might be approximately linear.
Special care needs to be taken then when using the model to extrapolate the effect
for higher doses. In most relevant cases, however, the relation of concentration
and pharmacological effect will be nonlinear. The most common PD model in
pharmacology is probably the Sigmoid Emax-model. For a concentration C, it
models the response R as

R = E0 + Emax ·
Cα

ECα
50 + Cα

. (3)

Here E0 denotes the placebo or baseline response when there is no drug in the
body. Emax denotes the maximum possible drug effect when a very large amount
of the drug is given. The parameter EC50 describes the concentration at which
half of the maximum effect is achieved, and finally α, which is known as the Hill
factor, influences the steepness of the slope. While needing relatively few but easy
to interpret parameters, the Emax model provides considerable flexibility in terms
of the shape of the curve. Furthermore, it implements the mentioned plateau
effect for high concentrations, as the effect cannot exceed a certain threshold. In
many situations, the Hill parameter is assumed to be 1. The resulting model is
then referred to as standard Emax-model. Throughout this work, we will only use
the standard Emax-model. We mentioned that the model does not depend on
time. The lacking time component does not always have to be a problem. There
are drugs which are given very frequently, and after they have been administered
several times the concentration in blood plasma can be expected to have stabi-
lized. The drug effect is then related to this so called steady state concentration.
However, some drugs are given considerably less frequently and a steady state is
never achieved. This is the situation when we consider PK/PD models for the
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g(C) that links the concentration to some effect, we obtain the PK/PD model by
using C(t) as an input function for g(C), yielding a new function g(C(t)). One
consequence of this model is that the drug concentration and the response curve
will have their peak at the same time. Also, each concentration corresponds to
exactly one response, regardless of the time when they are measured. Figure 4
illustrates this issue.

In other cases, the pharmacological response may take time to develop and it
is more difficult to relate the drug effect to the drug concentration. In this case, a
model for the time delay has to be incorporated. One possibility to do so is using
a turnover model. As opposed to the direct effect model it is sometimes referred
to as indirect effect model. The basic concept of such a model can be illustrated
by a bucket with a hole that is filled with water. The water level represents the
response R. The water inflow occurs at a so-called turnover rate kin, the water
outflow at a so called fractional turnover rate kout. The amount of water running
out of the bucket does not only depend on the size of the hole, but also on the
water level: more water puts more pressure on the hole and the bucket empties
faster. As with the linear pharmacokinetic model, this process can be described
by the linear differential equation:

dR

dt
= kin − R · kout. (4)

We can change the water level, by either increasing or decreasing the water
inflow kin, or by changing the size of the hole, i.e. altering kout. In terms
of pharmacodynamics this could mean limiting or stimulating the production of
some active substance in the body, or limiting/stimulating the elimination of
some substance respectively. If for example a drug has the effect of increasing
the production of some substance, this can be described as

dR

dt
= kin(1 + Eff) − R · kout, (5)

where a common choice for Eff is again the Emax model EmaxCγ/(ECγ
50 + Cγ)

and the concentration C is described by a PK model. Figure 4 illustrates this
model and how it compares to a direct response model.

1.4 PK/PD for biologics

PK/PD modelling aims to combine the results of PK and PD modelling. The
main advantage in analysing clinical trials with biologics using PK/PD models is
that it provides a dose-response model which also takes the time into account.
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Typical Conventional drug Typical Biologic

Production Usually chemically synthe-
sized

Made from living
cells/organisms

Size Generally small molecules Generally large molecules

Characterization Known structure Structure may or may not be
completely known

Admission Usually dosed hourly to daily Usually dosed weekly or
monthly

Typically self-administered
(often orally)

Typically physician adminis-
tered via injection or infusion

Aim of clinical trials Finding a safe and efficacious
dose

Finding a safe and effica-
cious dosing regimen (dose
and time interval)

Required models Dose-response models Dose-time-response models

Table 1: Differences between a typical biologic and a typical conventional drug [13].

dose-time-response models for mAbs are mainly used for extrapolation, i.e. es-
timating the response for unobserved dosing regimens at unobserved timepoints,
mechanistic rather than empirical models (such as polynomials, piecewise linear,
splines, etc...) are more appropriate.[25] Empirical models describe the data with-
out making any claim about the nature of the underlying mechanism. It is useful
if one wants a data-driven analysis which does not rely on any assumptions. As
mechanistic models are based on scientific knowledge, they are typically more
parsimonious than empirical models, and also tend to be more reliable when it
comes to making predictions. In the previous two sections, we covered the basics
of PK/PD models, which are also used to characterize the dose-time-response
relationship of biologics. [22][23] As mentioned above, building PK/PD models
for monoclonal antibodies is complex, and simpler models with similar properties
would be save time and resources.

In most current dose-finding trials for biologics, patients are evaluated several
times during the course of the trial. [26][27][28] As a next step, a specific time-
point is chosen and then analyzed independently from any other timepoints. This
ignores valuable information collected at other timepoints and hence is not fully
efficient.

In the first paper [1], we address this issue. We present and discuss a class
of simplified PK/PD models where the PK component in the unobserved effect
compartment is treated as a latent variable. This means that the PK part will
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not be aligned with any actual concentration data. These dose-time-response
models were first introduced in 1966 by Levi [29] and are also sometimes referred
to as KPD models.[30] They can now look back on a history of successful use in
pharmacological modelling.[31] They have usually been employed in cases where
it wasn’t actually possible to take any PK measurements. This might be the case
for ethical reasons in some paediatric studies [32], or where the body site where
the drug has an effect or is difficult or impossible to access (e.g. the eye [33],
the lungs [34] etc.). In the case of biologics, the effect site is not always clearly
identifiable. Furthermore, it is often difficult to link the available PK data to the
actual drug effect. This motivates the use of dose-time-response models as a
simpler complementary approach to PK/PD modelling when examining biologics.

In principle, dose-time-response models for monoclonal antibodies can be based
on any appropriate PK/PD model.[17] Several factors may influence the choice
of a tentative model: the way the biologic is administered, the understanding
of the mode of action, any information from previous trials and potentially past
experience on mAbs with a similar mechanism.

An important feature of the dose-time-response model is the possibility to
predict the response for dosing schedules that have not yet been investigated.
This includes predicting the response after the injection of multiple doses after
only observing the response of patients who received a single dose. For example,
this is very relevant when we want to give a recommendation for the best dosing
regimens for a phase III trial after analysing the data from a single dose phase II
trial. Indeed, the dose-time-response model can be naturally extended to cover
multiple dosing. Due to the modular approach of the model (separate PK and PD
part), only the PK part needs to be altered. Assuming linear kinetics, the latent
concentration profile for multiple doses is obtained by superposition of the single
dose profiles. As an example, let us assume a patient is administered dose 1 right
away, dose 2 two weeks later, and dose 3 again two weeks later. We are now
interested in the response three weeks after initial administration. This produces
the latent concentration:

Ctotal(t = 3 weeks) = (6)

Cdose 1(t = 3 weeks) (7)

+Cdose 2(t = 1 week) (8)

+Cdose 3(t = 0 weeks), (9)

where (6) is the desired multiple dose concentration at week 3 and (7) describes
the concentration after administration of a single dose 1 at week 3. Expression

23



Figure 6: Graphical illustration of the superposition principle. The top and bottom left graph show the concen-
tration and the response profiles for a single dose. The graph on the top right shows the concentration profiles for
single doses (dotted lines); adding them up produces the concentration profile after a multiple dose (solid line).
The bottom right graph shows the response profile after administration of a multiple dose.

(8) describes the concentration after administration of a single dose 2 at week
1, because at week 3, one week has passed since the administration of dose
2. Finally, expression (9) describes the concentration after administration of a
single dose 3 at week 0 and will hence be equal to zero. This is due to the
fact that at week 3, dose 3 will not yet have been administered. (Note that an
explicit representation of a single dose concentration profile is given in the next
chapter.) Linking the resulting latent PK profile to some response is done in the
PD component of the model and hence independent of using a single or multiple
dose concentration profile. A graphical illustration of the superposition principle
is provided in Figure 6

More information about the model building process, other useful extensions to
the model, a discussion of the model’s properties and its performance for data
fitting and prediction are discussed in greater detail in the first paper [1].
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2 Methods and Results

2.1 Motivating clinical trial

In both papers, we used an actual clinical trial as a motivating example. In
this trial [35], the effects of the human monoclonal antibody canakinumab were
examined. This drug is designed to bind and neutralize the activity of a substance
which is related to inflammations. In particular, the study at hand focused on
the treatment against acute gouty arthritis, a painful inflammatory disease which
is especially common among older people. It was a double-blinded, dose-ranging
phase II study which lasted 24 weeks and used an active control group as a
comparator. Participating patients were randomized to one of seven treatment
groups: five groups received a single dose of canakinumab (25 mg, 50 mg, 100 mg,
200 mg, or 300 mg respectively) at the beginning of the trial, one group received
multiple doses of canakinumab (50 mg on day at the beginning and at week 4,
then 25 mg at week 8 and 12), and the last group received daily doses of the
active comparator. While each canakinumab group consisted of approximately 50
patients (55 patients in the 25mg arm, 54 patients in the 50mg arm, 54 patients
in the 100mg arm, 54 patients in the 200mg arm and 53 patients in the 300mg
arm), the active control group consisted of 108 patients. Among other outcomes,
an important endpoint in the study was the C-reactive protein (CRP) level, which
can be considered as a biomarker that indicates the severeness of inflammation.
Measurements were taken every four weeks and on day 15 in each of the seven
treatment arms. For the analysis, we used the logarithmised CRP values as the
response. The study showed clear superiority of canakinumab over the active
control substance in terms of efficacy. The results of the canakinumab arms are
summarized in Figure 7.

2.2 Analysis of clinical trials for biologics using dose-time-response models

In the following sections, we will explain some basic concepts of statistical infer-
ence and also give a brief overview of the methods and results in the first paper.
For a more detailed discussion, we refer to the paper itself.[1]

2.2.1 The model

In section 1.5, we generally introduced dose-time-response models. Hereafter,
we will specifically describe the dose-time-response model used to analyse the
real clinical trial as described in the previous paragraph. The drug was injected
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Figure 7: Graphical illustration of the results of the Canakinumab trial. Median CRP levels over time in the six
treatment arms. The single doses were injected on day 0. In the multiple dose arm, patients received 50 mg at
week 0 and 4, then 25 mg at week 8 and 12. More details (e.g. regarding the respective sample size) are given in
section 2.1. The data shown are published. [35]

in a subcutaneous skin depot C0. It is then transferred to the unobserved effect
compartment C by some absorption rate θ1. Over time, it will be slowly eliminated
by the body at some rate θ2. This process can be described by the following set
of linear differential equations

dC0(t)

dt
= −θ1C0(t) (10)

dC(t)

dt
= −θ2C(t) + θ1C0(t). (11)

For a single dose D given at time 0, this yields

C(t) =
D θ1

θ1 − θ2

(

e−θ2t − e−θ1t
)

. (12)

for the latent concentration at timepoint t. We used a direct effect standard
Emax-model (3) to link the concentration to the response. This yields

E0 +
EmaxD(e−θ2t − e−θ1t)

EC50(1 − θ2/θ1) + D(e−θ2t − e−θ1t)
(13)

for the expected response. Figure 7 clearly shows that the baseline CRP levels
are important. We accounted for this by adding an additive linear predictor γ ·X0
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in the model, and included only post-baseline CRP levels as responses in our
dose-time-response model. More details on this are provided in the first paper.[1]

2.2.2 Statistical inference and prediction

Let us assume that the data from a clinical trial is available and we want to use it
to fit a model. The data typically consists of two different categories: On the one
hand, there is the response or dependant variable. It is to some extent random
as it is subject to variations and measurement errors. It will be denoted as y
and is of particular interest to the researchers. Examples for y could for example
be a biomarker which indicates the severity of a disease or in oncology the size
of a tumor. On the other hand, there are so called explanatory or independent
variables. Their main function is to describe or predict the behaviour of y. As an
example this could be a certain dosing regimen or the timepoint when a patient
is observed. Explanatory variables will be denoted as x1, ..., xm. The aim of a
clinical trial is to quantify the relationship between the response y and the xi’s
by some function f . Finding f is not a straight-forward process, but if the aim is
to find a functional relationship between dose, time, and response, the previous
section about PK/PD modelling gave us some ideas to consider. Finding "the
true" f is usually impossible as the biologic understanding is too limited. Hence,
one usually goes with an f which provides a good compromise between complexity
and accuracy. It often makes sense to start the model building process with a
simple model which can be refined if necessary. Further, one usually assumes that
the "true" relationship belongs to a parametric family, i.e.

y ≈ f(x1, ..., xm; θ), θ = (θ1, ..., .θR)T ∈ Θ, (14)

where Θ defines the set of possible parameters in the model. All members of the
family have the same functional form, but each nominal value of θ results in a
different model. In this case, finding a model reduces to the simpler task of finding
the parameter θ which leads to the best fitting model f(x1, ..., xm; θ). This is
of course a restriction but it is often possible to find a parametric family which
is large and flexible enough to approximate an acceptable variety of functional
forms. Often, but not always, this parameter θ has some physical interpretation.
When using a PK/PD model, for example, it consists of the PK/PD parameters
and hence we want to be able to estimate it as precise as possible.

The last thing we need to account for is the variation. As we mentioned above,
y is subject to variation and can therefore be interpreted as the outcome of a
stochastic process. Thus, f(x1, ..., xm; θ) will not fit all the data and therefore
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we must include some error term ǫ in the model so that it can account for all the
data points:

y = f(x1, ..., xm; θ) + ǫ. (15)

The expected value E[ǫ] is 0. We will further assume that it is normally distributed
with covariance matrix Σ if the data is multidimensional, or variance σ2 if it is
one-dimensional. The statistical model is now complete.

In strict mathematical terms, a statistical model is a pair (S, P), where the set
S includes all possible observations and P = {Pθ|θ ∈ Θ} is a set of probability
distributions.

Please note that model based approaches are not the only way to analyse a
trial. There are other so called nonparametric methods where the model structure
is not fixed a priori but rather driven by the data. These methods, however, will
be of no concern in this work. Hereafter, we will introduce one frequentist and
one Bayesian approach which allow us to make inference about θ.

2.2.3 Maximum Likelihood

A very common frequentist inference method is Maximum Likelihood Estimation
(MLE). It allows us to estimate the parameter of a statistical model. We men-
tioned that each parameter θ results in a different probability distribution Pθ.
MLE selects the θ so that the respective Pθ makes the realization of the observed
data the most plausible. This is achieved by maximizing the likelihood. Note
that for MLE, we have to assume that the data follows a certain distribution, as
opposed to for example the Least Squares Estimation, which is also common.

The Maximum Likelihood method will give us a point estimate of the parameter
of interest. A point estimate is a single value and does not give any information
about the precision of this estimate. However, one is often interested in specifying
some kind of range within which the parameter is estimated to lie. Hence, point
estimates are often complemented with so-called confidence intervals in order to
give an idea about their precision. If an experiment is repeated an infinite amount
of times, the confidence interval is the area that includes the true parameter with
a certain frequency. This frequency is called the confidence level of the interval
and is set by the researcher. A common choice is for example 95% (which refers
to a significance level of α = 5%). A common misconception is to say that "there
is a 95% chance that the true parameter lies within the confidence interval". The
parameter is not the outcome of a random experiment, so after taking a sample
and constructing a confidence interval, it is either contained in the interval or not.
This is not subject to chance.
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A pivotal element for calculating those confidence intervals is the so-called
Fisher information. It is a way of measuring the amount of information that a
random variable Y (e.g. a clinical trial) carries about the unknown parameter
θ and its inverse can be used to approximate the variance of the MLE. A more
detailed explanation of how to calculate the Maximum Likelihood estimate and
derive confidence intervals using the Fisher information is given in the appendix.

2.2.4 Bayesian statistics

Bayesian statistics is a subset of the overall field of statistics. The most important
difference is a different interpretation of the concept of probability. Unlike the
frequentist approach, where probability distributions are only used to explain out-
comes of random experiments, they are now used to express uncertainty about the
unknown. This somewhat reverses the role of the data and the parameters: the
data is treated as a fixed quantity and the model parameters as random variables.

The Bayesian statistical model does not only consist of the observation space
and a set of possible probability distribution indexed by θ (see previous section),
but also contains a probability distribution on the parameter θ. This distribution
is called the prior distribution (or prior information, or just prior) and represents
our uncertainty about θ before we have seen any data. Once data is available, it
can be used to update the prior, leading to the posterior distribution (or posterior
information, or just posterior). The posterior reflects our knowledge after the
experiment. This is another difference to the frequentist approach: Instead of
getting a point estimate and an estimate for the variance, we get a probability
distribution. From this, we can then derive whatever is of interest: Bayesian
equivalents of point estimates and interval estimates (known as credibility inter-
vals), but also the probability of statements such as θ being greater than a certain
threshold, which do not make sense in the frequentist framework.

The prior information is arguably the biggest criticism to the Bayesian paradigm.
Potentially, one could use an informative prior to manipulate the posterior in such
a way that it supports some favourable result. Obviously, this would not be
very scientific but it shows that attention is needed when selecting a prior. If
in doubt, one should rather use an uninformative prior so that the posterior will
be dominated by the data. On the other hand, the prior offers the chance to
incorporate any previous knowledge, for example from previous trials or medical
experts.

A more technical explanation of how to obtain the posterior distribution is given
in the appendix.
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2.2.5 Results

After elaborating the special challenges that biologics impose in clinical drug de-
velopment, we propose the use of dose-time-response models based on PK/PD
models where the PK component is treated as a latent variable. We run simu-
lations and show that both Bayesian and frequentist methods possess satisfying
operating characteristics when using these models.

Afterwards, we use a clinical trial example to examine the performance of
the mentioned model when using real data. We used the data from the single
dose arms to fit the model. The result of the Bayesian analysis is graphically
illustrated in Figure 8: the five plots correspond to the five single dose arms of
the trial. While the dots represent the means of the CRP-levels at the different
timepoints, the solid curves show the median of the posterior. The grey area
represents the 95% posterior probability and the vertical lines the 95% prediction
intervals. Fortunately, the proposed dose-time-response models are able to fit the
data very nicely. Finally, the last plot allows an easier comparison of the effect
after administration of different doses.

We mentioned earlier the importance of being able to make reliable predictions.
To be able to assess the prediction qualities, we use fitted model to predict the
outcome of the multiple dose arm. The results are illustrated in Figure 9. Once
again, the dots represent the means of the CRP-levels in the multiple-dose arm,
the solid curve shows the predicted response curve after the analysis of the single
dose arms. It describes the data nicely, and the fact that all the dots are within
the bounds of the 95% prediction interval further emphasizes the good prediction
qualities.

Finally, we compare the performance of the dose-time-response model directly
to a dose-response model to show its superiority when analysing clinical trials with
biologics. For more details on the results, we refer to the first paper.[1]

Since the publication of this paper, we successfully used dose-time-response
models for the analysis of other clinical trials with biologics. [36]

2.3 Design of clinical trials for biologics using dose-time-response models

In the following sections, we will explain some basic concepts of Optimal Design
Theory and also give a brief overview of the results in the first paper. For a more
detailed discussion, we refer to the paper itself.[2]
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Figure 8: Bayesian Analysis for the five single dose arms in the clinical trial. The dots represent the means of the
CRP-levels, the solid curves the median of the posterior, the grey area the 95% posterior probability interval and
the vertical lines the 95% prediction probability interval. The last plot displays all posterior median curves relative
to their baseline value.
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Figure 9: Bayesian prediction of the repeated dosing regimen based on the dose-time-response model derived from
single dose regimens.
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2.3.1 Optimal Design Theory

An analysis will always be limited if the data is generated in a study with a poor
design. Clearly, we won’t be able to estimate what a drug is capable of if we
only give medium-sized doses. Just as much, it hardly seems like a good idea to
give all the patients a placebo. Hence, a good study design is just as important
as a thorough analysis. While the designs mentioned are clearly not optimal, the
question of what an optimal design actually looks like is more difficult to answer.
This problem starts by defining what "optimal" actually means. One field of
statistics that aims to examine this question is optimal design theory.

In this work, we focus on Phase II clinical trials where the effect of single doses
of a monoclonal antibody is investigated. When planning such a clinical trial,
many decisions on various design aspects need to be made. However, not all of
these aspects are subject to statistical considerations. For example, the decision
of whether or not to include a control group, and whether it should be a placebo
or an active control group is often based on non-statistical reasons. The same
might account for the study duration, which is very specific to the examined
drug and how long it takes to be processed in the body. This is the case for
the visit schedule, i.e. the timepoints when patients and investigator meet to
measure the response and to perform other assessments. Due to the long lasting
effects of biologics and the resulting long clinical trials, the frequency is mainly
determined by patient/investigator convenience, the necessity to perform other
safety assessements or other logistic constraints. Hence, these visits typically
follow some predefined schedule.

However, there is considerable flexibility when it comes to the choice of doses.
This is especially true for trials with biologics, as they are typically injected: unlike
tablets, which might only be available in certain sizes, a syringe can essentially
be filled with any amount of the drug. For this reason, we will focus on selecting
the optimal doses.

In current clinical praxis, the number of different doses and the allocation of the
patients is often done in an ad-hoc manner. Usually, the maximum tolerated dose
(MTD, as suggested after phase I) is included as the largest dose. Additionally,
2 to 5 other doses are included, so that adjacent dose levels differ by a certain
factor. The patients are then equally allocated to the different arms.

A more systematic approach based on optimal design theory has the potential
to get the most out of clinical trials. It allows one to estimate the parameters in
a statistical model with higher precision and consequently requires fewer patients.
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This can save money and also reduce the time before a drug can reach the market.
An introduction to optimal design theory will be given in this section.

We mentioned earlier that the observed responses in a clinical trial can be
interpreted as the result of a statistical experiment, and therefore as a realisation
of a random variable Y . The factors that influence the outcome of an observation
can be divided into two categories: On the one hand, there are parts that cannot
be influenced, like the mechanism of the drug in the body. Independent of how
the study is designed, this mechanism cannot be altered by choosing one study
design or another. This part is usually described by the parameter θ. If we assume
that the data can be described by a PK/PD model, θ would consist of the PK
and the PD parameters.

On the other hand, some settings can be controlled. This part is usually
represented by the variable x and is often called control variable or setting. As
mentioned above, this will in our case be the selection of the dose that a patient
will receive.

But what does it mean for a design to be "optimal"? As mentioned, we want to
estimate θ after the trial has been conducted. A common choice as an estimator
is the Maximum Likelihood estimator which was introduced earlier. An important
quality feature of an estimator is its covariance matrix. We want the estimator
to scatter as little as possible, and hence we want its covariance matrix to be
somehow small. Earlier, we mentioned that the covariance matrix of the MLE
can be approximated by the inverse of the Fisher information matrix. The Fisher
information matrix depends on the design, and consequently, a different design
will lead to a different Fisher information matrix and is hence able to influence
the precision of the estimate. A small covariance matrix (i.e. a large Fisher
information matrix) means more precise results and is therefore desirable. The
optimal design problem is to find a design which "minimizes" the covariance
matrix, which is equivalent to "maximizing" the Fisher information matrix.

If the regression model only depends on one (one-dimensional) parameter, the
covariance matrix will be a real number and the maximization is a straight-forward
process. In most relevant cases, however, the regression model will have several
parameters, the mean of the parameter estimator will be a vector and consequently
the variance (and the Fisher information) will be a matrix. "Maximizing" a matrix
is more complicated. A naive approach would be to try find a design ξ∗ that
maximizes the Fisher information matrix I(ξ, θ) according to the Loewner order.
According to the Loewner order, a matrix A is greater or equal to a matrix B if
their difference A − B is a non-negative definite matrix. It turns out that only
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under very rare circumstances such a design is likely to exist. Hence, we have to
be satisfied with maximizing some real valued function φ(I(ξ, θ)) that condenses
a matrix into a real number. Of course, that leads to some information loss, and
depending on what we want to achieve one function φ might be a better choice
than another or vice versa. A common choice is the criterion of D-optimality
in which case we attempt to find a design that maximizes the determinant of
the Fisher information matrix. The D-optimality criterion is appropriate if we are
interested in estimating each of the components of θ equally well. It is equivalent
to minimizing the volume of the confidence ellipsoid for θ.

When using a nonlinear model, the Fisher information matrix depends on the
true parameters of the model and as a result so do the optimal designs. This
means that one needs to know the true value of the unknown parameter θ in order
to find the optimal design. But of course, if one knew the true value there would
be no need for a clinical trial in the first place. The most straightforward approach
to this problem is locally optimal designs. The idea here is to simply replace the
unknown parameter by a best guess which is usually derived from results from
previous studies or subject matter experts. The unpleasant consequence is the
fact the designs might then strongly depend on the quality of the guess. A bad
guess might lead to designs which are far from optimal.

In order to reduce the dependency on a good guess of the parameters, vari-
ous Bayesian approaches have been proposed.[37] [38] In the second paper [2],
we discuss and examine the performance of so-called conservative Bayesian D-
optimal designs. As opposed to maximizing (29) for only a single predefined θ,
we maximize a weighted average. Following the Bayesian paradigm, this weighted
average is achieved by laying a prior distribution over θ which reflects our knowl-
edge/uncertainty. Since the resulting designs cover a wider range of parameter
values, one hopes to obtain good designs which are also more robust against
parameter misspecification.

A fundamental result in the theory of optimal designs is the so called General
Equivalence theorem.[39] Under some mild assumptions, it allows us to verify
if a given design is actually optimal.[40] Furthermore, the General Equivalence
theorem provides the theoretical basis for many algorithms which aim to construct
optimal designs. For more information about optimal design theory we refer to
the book of Fedorov&Leonov.[40]
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Figure 11: Potential movement of a particle. Although it is to some extent random, it will tend to move towards
its own known best position and the swarms known best position.

While at the beginning the position of each particle is completely random (i.e.
uniformly distributed), it can be expected that the swarm will eventually move
towards the global optimum. In computer science, this algorithm is considered
a meta-heuristic, since it iteratively tries to improve a potential solution while
considering many different candidates. Meta-heuristics usually implement some
form of stochastic optimization and have the advantage of making few or no
assumptions. However, it cannot be guaranteed that the optimal solution is ever
found. In optimal design theory, this problem can be tackled by verifying the
given solution with the General Equivalence theorem.

In practice, the PSO was performing very well and usually found the optimal
design, or at least a design that was very close to being optimal. At the same
time, it required considerably less "fine tuning" than the classical approaches and
thus was somewhat easier to use.

2.3.3 Results

Using the dose-time-response models as a basis, we calculate some locally D-
optimal designs to examine the optimal allocation of patient to the doses. In
the scenario of the canakinumab trial (as described in section 2.1), it would have
been optimal to randomize slightly more than half of the patients to the highest
dose of 300mg, and the rest to a rather low dose (13 mg). This design consists
of a considerably lower amount of doses than the design of the conducted clinical
trial, which used five different single doses. The top panel in Figure 12 gives some
intuition as to why this design is actually reasonable. We can see here the two
expected dose-time-response-curves belonging to the two different doses of the
designs. The vertical lines represent the times when the response was observed.
The fact that the response is measured quite frequently over the time range has
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the consequence that technically the model parameters can already be estimated
based on a single dose. It is helpful to include the highest possible dose in order
to obtain a good estimate for the maximum effect. The small dose is included to
obtain information on the return to the baseline response. Note that the inclusion
of a placebo group is not optimal according to this criterion as information about
the placebo response is obtained at baseline and at later timepoints in the low-
dose group. This changes once we halve the study duration (illustrated in the
second panel of Figure 12). Since the response in the low dose arm does not have
enough time to return to baseline, it is now optimal to also include a placebo
group. This becomes even clearer when taking a look at the third panel, which
illustrates the other extreme of having the very long study duration of 2 years.
Already after half a year, both dose arms will long have been returned to baseline
and thus give information of the placebo response. A more detailed discussion
and a greater elaboration of other designs is given in the second paper.[2]

We also examine the performance of locally optimal designs under different
assumptions of the nominal values of the parameters, showing that they can be
inefficient in situations of parameter misspecification. Hence, we suggest the
use of conservative Bayesian designs. As explained in section 2.3.1, the designs
will depend on the prior information used. Table 2 gives an idea about how
different priors influence the design: The first row shows a conservative Bayesian
D-optimal design which uses an informative normally distributed prior information.
Allocating approximately one half of the patients to a very high and the other half
to a very low dose, it looks very similar to the locally D-optimal design. In the
following rows, we multiplied the covariance matrix of the prior used in the first
row with a factor K. In each row, the K used was greater than in the previous
one, thus making it more and more dispersed. The Bayesian designs account for
this by selecting more and more doses: the design in the first row consists of
only two different doses, while as the design in the last row (K = 20) already
consists of four different doses. We also compared the performance of the locally,
the conservative Bayesian D-optimal and the design used in the canakinumab
in various situations and came to the conclusion that the conservative Bayesian
designs are usually the best choice, especially in terms of robustness. Fore a
detailed analysis we again refer to the second paper.[2]
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Figure 12: Expected dose-time-response profiles for the doses of the locally D-optimal design. Parameter values
used came from a Bayesian analysis of the canakinumab tria. [2] Logarithmized responses were used for the
analysis, the values in this plot were transformed to the original scale. The three locally D-optimal designs shown
correspond to observation periods lasting 168 (top), 84 (middle) or 672 (bottom) days, respectively. The vertical
lines represent the observation times (visits every 2 weeks).
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K D1 D2 D3 D4 D5 w1 w2 w3 w4 w5

1 12.2 300 - - - 54.7 45.3 - - -

2 4.40 13.15 300 - - 1.5 52.7 45.8 - -

3 4.30 19.00 300 - - 16.3 39.5 44.3 - -

5 3.20 24.22 300 - - 20.3 36.9 42.8 - -

10 0.37 1.00 7.63 45.92 300 1.1 11.3 24.6 22.7 40.4

15 1.00 10.86 68.27 300 - 19.4 22.6 17.9 40.0 -

20 1.00 12.13 79.14 300 - 22.4 20.8 0.17.1 39.7 -

Table 2: Conservative Bayesian D-optimal designs for priors that range from very informative (K = 1) to mod-
erately informative (K = 20). The designs are defined by doses Dk and the proportion of patients wk (in %)
randomized to Dk.

3 Discussion

In an article published in 1997 [43], Sheiner observed that drug development
focuses too much on trying to confirm that the drug is working rather than trying
to learn about its specific properties. As a result, he claims that "clinical drug
development is often inefficient and inadequate". Changing this for the better
is a big priority, as drug development is a resource consuming process. From its
early beginnings in the lab until market launch more than a decade’s time usually
passes, and often more than one billion US$ will have been spent.[44]

Sheiner’s suggestion for making drug development more efficient and more in-
formative is to plan this from both a learning and a confirming perspective, where
especially the learning part must not be neglected. While the aim of the confir-
mation part can be reduced to answering a single yes/no question (Does the drug
work or not?), the learning part needs to quantify the "functional relationship"
between dosage and outcome for example.

For conventional drugs, considerable progress has been made in this matter.
Employing dose-response models rather than just comparing the response mean
of each dose group was an important step. Dose-response models are nowadays
well established for the design and analysis of clinical trials.[45] [46] However,
due to some distinct differences to conventional drugs, these types of models
are no longer appropriate when analysing the effects of biologics. Biologics have
accounted for more than 30% of new medicine approvals in the past ten years
[15], but research on how to efficiently design clinical trials with biologics is still
sparse. Improving this situation was a big motivational factor to this work.

In the first paper, we elaborated the problem of finding an appropriate model to
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describe the effects of biologics. An examination of the differences of biologics and
conventional drugs leads to the conclusion that the inadequacy of dose-response
models can essentially be narrowed down to the lacking time-component. The
scientific approach to setting the dose, the time, and the response into relation
are PK/PD models, which model the plasma concentration over time and link it
to the response. Allthough those PK mesurements may provide useful informa-
tion, making use of the plasma concentrations often results in complicated models
which are challenging to estimate at this point in drug development. To tackle
this challenge, we proposed the use of dose-time-response models which rely on
simplified pharmacological concepts and are hence semi-mechanistic. As they
have a latent PK compartment, they have some correspondence to the underly-
ing mechanism and can thus be expected to provide more reliable predictions than
purely empirical models. As compared to PK/PD models, they are considerably
easier to fit and require a less detailed understanding of the precise mechanism
of action and are often easier to communicate. One should be aware that the
appealing simplicity can come at a cost: As opposed to dose-time-response mod-
els, PK/PD models tend to provide a more detailed understanding of the drug
effect and can be especially useful at a later stage of drug development, where
information from many studies can be integrated. They are oftentimes able to
detect subtle differences among different subgroups of patients and might be able
to make reliable predictions on a individual patient level. For conventional drugs,
both dose-response models and more elaborate PK/PD models are often used in
parallel. The situation is similar for mAbs, where dose-time-response models and
PK/PD models should be considered as complementary approaches.

Bretz et al. (2008) [47] report on the big waste of time and resources in
drug development due to flawed dosing recommendations. Having a good under-
standing of the dose-time-response relationship after phase II is crucial for the
determination of one or more appropriate dosing regimen for the following phase
III trials. On the other hand, the quality of the examined dosing regimen will
greatly influence the trial’s chance of success. While too low a dose might cause
the study to fail due to a lack of efficacy, too high a dose might cause the study to
be stopped because of safety issues. Due to their large size, a failure of the trial
will lead to a big financial loss for the sponsor of the study and so, the importance
of having a good understanding of the dose-time-response relationship cannot to
be underestimated.

Even though dose-time-response models can be expected to provide more reli-
able predictions than empirical models, the probability of grossly wrong predictions
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has to be taken into account. This is especially true when the assumption of linear
pharmacokinetics is violated. Even though this assumption is oftentimes appro-
priate within the examined dose range, [48][49] extrapolations for higher or more
frequent doses might be wrong and misleading. While dose-time-response mod-
els are certainly useful to analyze some biologics, they might be inappropriate for
others. And even if we consider them appropriate, the model building and fitting
process still need to be handled carefully. It is usually a good idea to start with
a simple model and refine it if necessary. Graphical methods and residual analy-
ses are important to assess the adequacy. Sometimes, more elaborate statistical
methods than the ones examined might be necessary, especially if we have insuf-
ficient confidence in a single model. This includes methods of model selection if
we believe an adequate ("true") model to exist or, alternatively, model averaging
if the main priority is to make decent predictions. [50]

Since there is only little research about the design of clinical trials with biologics,
many currently used trial designs are not optimal. To put it in an exaggerated
way, how to allocate patients to different doses in current clinical trials often
seems like a somewhat ad-hoc decision. In the second article, we provide a
framework for the rational design of clinical trials with biologics. Using optimal
design theory, we construct locally D-optimal and conservative Bayesian D-optimal
designs which use the dose-time-response models from the first paper as a basis.
The idea was to get trial designs which are tailored for biologics, at least when
there is confidence that dose-time-response models are suitable to characterize
their respective effect. We compared the resulting designs with a design from a
conducted clinical trial with a monoclonal antibody and showed that especially the
conservative Bayesian design outperforms it in almost all the examined situations,
sometimes considerably. Furthermore, it is the only design which provides decent
results even when the examined biologic behaves differently than anticipated.
Hence, a systematic use of optimal design concepts has the potential to lead to
more informative clinical trials with biologics, to decrease drug development time,
and to bring beneficial drugs earlier to patients.

The models presented in this work might also be useful when we are not dealing
with biologics. Dose-time-response models could have some use when analysing
data from clinical trials with conventional drugs. In such a case, they would allow
the integration of data for different dosing regimens. For example, they could
help answering the question of whether a drug should be taken once or rather
twice daily. Furthermore, they can be (and have been [51]) employed when one
wants to obtain information of PK parameters when there are no concentration

41



measurements available.
We employed both a frequentist and a Bayesian approach for the analysis of a

trial and noted that both methods can be used for inference and prediction with
dose-time-response models. In fact, if a sufficiently large number of patients is
available and observed at well chosen visit times, both approaches usually lead to
similar conclusions. However, in my opinion, the Bayesian approach offers some
advantages.

First of all, the Bayesian view is identifiable with a scientific view as it provides
a theoretical basis for learning from experience: prior knowledge is incorporated
into the analysis and updated in the light of new evidence. This possibility to
include prior information is especially useful if some of the model parameters are
only partly identifiable from the data. The fact that some of the parameters
have a scientific meaning facilitates the use of prior information derived from
previous trials of relevant publications.[52] The Bayesian paradigm further has
some appealing practical properties. As opposed to the frequentist approach, it
provides the framework to easily answer questions like, for example, "What is
the chance that the maximum effect is smaller than 1" , i.e. for computing the
probability (P (Emax < 1|data)). Another advantage is the fact that we can make
inference about nonlinear function of parameters without having to make linear
approximations. Finally, having a distribution which summarizes what we have
learned from the data rather than obtaining a point estimate and a standard error
can sometimes be more convenient.

This motivates another aspect of optimal designs for biologics, which we plan
to illuminate further in the future. The study designs presented in this work
(including the conservative Bayesian designs) aim to maximize the Fisher infor-
mation as an equivalent to minimizing the variance of the Maximum Likelihood
point estimator. However, it is also possible to optimize a design for a Bayesian
analysis. Both approaches are related but not identical [38]. Despite the the-
oretical appealing properties of the fully Bayesian approach, it is hardly used in
clinical praxis. The main reason for this are heavy computational challenges that
need to be overcome. There are interesting ideas regarding the construction of
Bayesian optimal designs in the literature. At the time of publication, however,
they were computationally infeasible. With increasing computational power and
the possibility to parallelize calculations, it seems worthwhile to work on them
again. First attempts in this direction look promising.

So far, we have considered the design of non-adaptive clinical trials only. There
might be situations, however, in which it can be useful to change some features
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of an ongoing clinical trial. Even though adaptive designs need to be handled
with care, they have the potential to be more efficient than conventional fixed
designs.[53][45] In dose-finding studies, two-stage adaptive designs seem partic-
ularly useful: based on interim results of the doses studied in the first stage,
additional doses could be examined in the second stage.[54] This seems espe-
cially useful if only weak information on the parameters of the dose-time-response
model is available at the planning stage of the trial. In this case, such a two-stage
adaptive design would allow to obtain more information at the interim analysis
which could then be used to better select the doses for the second stage. This
selection could again be based on optimal design methodology.

Appendix

Maximum Likelihood estimation

Let us assume that model (15) holds and suppose that we have N observa-
tions (xi, yi), i = 1, ..., N . Note that y and hence f are not necessarily one-
dimensional. If for example xi denotes the dose that was administered to patient
i, yi could be the J-dimensional vector t of observations at the timepoints t1, ..., tJ

of that patient. Consequently, f would be the vector

f(xi, θ) =



















f(xi, t1, θ)

...

f(xi, tJ , θ)



















. (16)

We will assume that each observation vector yi is multivariate normally distributed
with the expected value f(xi, θ) and the covariance matrix Σ. Then the likelihood
of a single vector of observations yi is

p(yi|θ, Σ) = (2π)− J

2 |Σ|−
1

2 exp

(

−
1

2
(yi − f(xi, θ))T Σ−1(yi − f(xi, θ))

)

(17)

Observations of two different yi’s will be seen as independent. This leads to the
joint distribution of all observations

p(y1, ..., yN |θ, Σ) = l(θ, Σ|y1, ..., yN)

= (2π)−NJ/2|Σ|−N/2 exp



−
1

2

N
∑

i=1

(yi − f(xi, θ))T Σ−1 (yi − f(xi, θ))



 . (18)

Instead of maximizing the likelihood 18, one typically rather maximizes the log-
likelihood. This eliminates the exponents which can be numerically difficult to
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handle. Since the logarithm is a strictly monotonically increasing function it
does not change the position of the maximum and hence leads to the same
estimate. After applying the logarithm and eliminating constants and factors
which do not influence the position of the maximum, maximizing the likelihood
in 18 is equivalent to maximizing

L(θ, Σ|y1, ..., yN) = − log(|Σ|) − tr



Σ−1
N
∑

i=1

(yi − f(xi, θ))
(

yi − f(xi, θ)T
)



 .

(19)
It is possible to simplify this expression a little further, but it is hardly possible to
solve it entirely analytically. Eventually, one has to rely on numerical optimization
procedures. Note that if the data is one-dimensional, 17 simplifies to

p(y1, ..., yN |θ, σ2) = l(θ, σ2|y1, ..., yN) = (2πσ2)−N/2 exp



−
1

2

N
∑

i=1

(yi − f(xi; θ))2

σ2



 ,

(20)
where σ2 > 0. The idea and hence the estimation process stay exactly the same.

When constructing confidence intervals for parameters, we have to consider the
probability distributions of the point estimates. Once the distribution is known,
the construction is a straight-forward process. Unfortunately, the situation is
a little more complicated in the non-linear case, as we can only determine the
asymptotic distribution, i.e. the approximate distribution of the estimate obtained
after a "large" sample. Under some mild regulatory assumptions, it can be proven
(e.g. [55]) that the MLE of θ is asymptotically normally distributed. It is also
unbiased, i.e. the expected value of the estimate θ̂ is actually the true θ. In
order to make claims about the covariance matrix of a ML-estimator it is helpful
to look at the so called Fisher-information matrix. If p(y|θ, x) is the probability
function for Y (in this context also known as the likelihood function l(θ|y, x) of
theta), then the Fisher information matrix I(θ, x) for a single realisation of Y
with explanatory variable x is defined as

I(θ, x) = E





∂ log l(θ|Y, x)

∂θ

∂ log l(θ|Y, x)

∂θT



 . (21)

Assuming that the samples (e.g. observations from different patients) are inde-
pendent, their respective Fisher information matrices are additive. Hence, the
Fisher information matrix for N observations at x1, ..., xN is given by

I(x1, ..., xN ; θ) =
N
∑

i=1

I(xi, θ). (22)
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It can be proven that if N is large enough, the covariance matrix of the MLE can
be approximated by the inverse of the Fisher information matrix. This yields

θ̂ ∼ N (θ, I(x1, ..., xn, θ, Σ)−1). (23)

Note that the Fisher information matrix still depends on the parameter θ and
the covariance matrix Σ (or variance σ2) of y. This problem can be solved by
replacing them with their respective ML-estimates.

Now that we have the asymptotic distribution for θ̂, this leads to the 100(1−α)
confidence interval for any linear combination of cT θ̂

cT θ̂ ± zα/2
(

cT I(x1, ..., xn, θ̂, Σ̂)−1
)

, (24)

where zα/2 is the α/2-quantile of the standard normal distribution. If we are
interested in a confidence interval for just the kth element of θ, we simply set
c = (0, 0, ..., 1, 0, 0, ..., 0)T , where the kth element is 1 and all the other elements
are 0.

Note again that this method of constructing confidence intervals is a result
of linearization and only holds asymptotically. Depending on the used model,
the coverage properties might be very poor and the results therefore misleading.
Hence, the result in 24 should first be checked thoroughly by for example running
simulations.

In a similar manner, it is also possible to construct confidence intervals for the
expected response f(x, θ) or predictions intervals for the observations. The idea
is always to approximate how the respective point estimate is distributed and then
use the distributions’ quantiles to construct an interval.

For more information about nonlinear regression we refer to the books of e.g.
Seber&Wild [55] or Bates&Watts.[56]

Bayesian inference

Using the data to update the prior information and to receive the posterior dis-
tribution is done according to the Bayes theorem. This theorem is an elemental
result from probability theory and allows us to write

p(θ|y) =
p(y|θ)p(θ)

p(y)
=

p(y|θ)p(θ)
∫

θ p(y|θ)p(θ)dθ
, (25)

where

• p(θ|y) denotes the mentioned posterior distribution of the parameters given
the data,
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• p(y|θ) is the likelihood function (e.g. 17),

• p(θ) denotes the mentioned prior information which we use to express our
beliefs before we see any actual data,

• and p(y) denotes the marginal likelihood, which serves as a normalizing con-
stant to assure that the posterior is a proper probability distribution.

The biggest computational hurdle to overcome when calculating the posterior
information is the normalizing constant p(y). Deriving an integral, especially
when being multidimensional, can be extremely time-consuming. This explains
why even though the idea of Bayesian inference has been around for a long time,
it has only become popular during the past few decades. In principle, Bayesian
inference is straight-forward and is known to have appealing properties, but the
implementation was quite demanding. This changed when the Markov Chain
Monte Carlo (MCMC) algorithm was introduced. In simple words, it allows us to
sample from the posterior distribution without knowing its exact analytic form.
Having a large sample, say θ1, ..., θM , then allows us to make any kind of inference
about θ. As point estimates, we can use the sample median or approximate the
expected value of the posterior via Monte Carlo integration: 1

M

∑M
i=1 θi. Credibility

intervals for θ or the expected response f(x, θ) can be derived by using the sample
quantiles of θ1, ..., θM , or f(θ1, x), ..., f(θM , x) respectively. For more information
about Bayesian statistical inference we refer to e.g. the book of Robert.[57]

Optimal design theory

Given there are N patients participating, the aim of the clinical trial is to examine
the dependency of the observations y1, ..., yN and the control variables x1, ..., xN .
This dependency is characterized by a model such as in section 1.5 and depends
on the unknown model parameter θ. The optimal design problem is to choose
the doses in such way that we maximize the information that the trial gives us
about θ. This parameter is unknown prior to the trial and at the end of the trial
we want to be able to estimate it. We assume that we can administer any single
dose Di to patient i, where Di can be anything between 0mg, which would be
placebo, and the maximum tolerated dose which was derived in previous trials.
After administration, each patient is observed at fixed timepoints t1, ..., tJ . For
each patient, J response measurements are then available for the final analysis,
thus allowing us to make inference about θ based on y1, ..., yN .
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Each Yi will be assumed multivariate normally distributed

Yi ∼ N (µ(x, θ), Σ), i = 1, ..., N. (26)

While observations on the same patient may be dependent, we assume that obser-
vations from different patients are independent. We will assume in the following
that Σ is known, as information on the covariance matrix is typically available,
and as these nuisance parameters are not of primary interest.

Naturally, the N doses that we have to choose for the participating patients
are not necessarily all different. Among these N administered doses, only l doses
are different from one another (with l ≤ N) and denote these different doses as
D1, ..., Dl. If ni describes the number of patients receiving dose Di, i = 1, ..., l,
then the matrix











D1 · · · Dl

n1

N · · · nl

N











, (27)

defines an exact design. The first row represents the selected doses, the second
row shows how many patients are allocated to each dose. Analogue to the exact
designs, we can also define approximate designs. If wk is the proportion of patients
receiving dose Dk, an approximate design ξ is denoted by

ξ =











D1 · · · DK

w1 · · · wK











, (28)

where Dk ∈ [0, DMTD], 0 ≤ wk ≤ 1 and
∑K

k=1 wk = 1. The first row is
called the support of a design, the fractions in the second row are referred to as
weights. From such a design we can obtain an exact design by rounding Nwk to
an integer nk such that the nk’s add up to N . This design would then allocate nk

patients to dose Dk. More sophisticated discretization procedures were proposed
and examined by Pukelsheim and Rieder.[58] As it turns out, exact designs are
usually computationally not feasible. Hence, we will focus on the construction of
approximate designs.

Following the definition in 22, the Fisher information matrix for a design ξ =
(w1, ..., wl; D1, ..., Dl) is given by

I(ξ, θ) = N
l
∑

i=1

wiI(Di, θ). (29)
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Analysis of clinical trials with biologics
using dose–time-response models

Markus R. Langea,b and Heinz Schmidlia*†

Biologics such as monoclonal antibodies are increasingly and successfully used for the treatment of many chronic
diseases. Unlike conventional small drug molecules, which are commonly given as tablets once daily, biologics
are typically injected at much longer time intervals, that is, weeks or months. Hence, both the dose and the time
interval have to be optimized during the drug development process for biologics. To identify an adequate regimen
for the investigated biologic, the dose–time-response relationship must be well characterized, based on clinical
trial data. The proposed approach uses semi-mechanistic nonlinear regression models to describe and predict the
time-changing response for complex dosing regimens. Both likelihood-based and Bayesian methods for inference
and prediction are discussed. The methodology is illustrated with data from a clinical study in an auto-immune
disease. Copyright © 2015 John Wiley & Sons, Ltd.

Keywords: Bayesian inference; clinical trial; KPD model; monoclonal antibody; nonlinear regression; pharma-
cokinetic; pharmacodynamic

1. Introduction

Therapeutic monoclonal antibodies (mAbs) are biologics that are increasingly and successfully used for

the treatment of many chronic diseases, including cancer [1] and auto-immune diseases such as psoriasis

or rheumatoid arthritis [2]. More than 30 mAbs have been approved by the US Food and Drug Admin-

istration (FDA) or the European Medicines Agency [3], and hundreds of clinical trials with mAbs have

been conducted [4].

Clinical development for mAbs is more complex than for traditional drugs. Conventional small drug

molecules are commonly given as tablets once daily, and hence, the goal of drug development is to

identify a safe and efficacious dose. MAbs are typically injected at much longer time intervals, that is,

weeks or months. For example, the mAb canakinumab is administered every 8weeks as a single dose

via subcutaneous injection in patients with cryopyrin-associated periodic syndromes [5]. Hence, both

the dose and the time interval have to be optimized during the drug development process. To identify an

adequate regimen for the investigated mAb, clinical trials are carried out comparing different regimens

with different doses and injection times. These investigated regimens can cover only a small fraction of

all feasible combinations of doses and time-intervals. Hence, there is a strong need to be able to predict

the response for untested regimens. Based on predictions for several considered alternative regimens, the

most promising regimen can then be evaluated in a subsequent clinical trial.

For conventional drugs, dose–response models are used to characterize the drug effect for differ-

ent doses and to guide the selection of an adequate dose [6–8]. For mAbs, dose–time-response models

are required that can describe and predict the drug effect for complex dosing regimens. The European

Medicines Agency encourages the development of models ‘... to investigate relationships for long-acting

biologics where there is no steady state’ [9]. Dose–time-response models for mAbs are mainly used for

extrapolation. As noted by Box and Draper [10], mechanistic rather than empirical models are then more

appropriate. Mechanistic models are based on scientific knowledge, are therefore typically more par-

simonious than empirical models, and also tend to provide more reliable predictions. In medicine, the
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understanding of the pharmacology is too limited to allow for purely mechanistic models, and hence,

semi-mechanistic models involving empirical elements are commonly used.

For mAbs, the mechanism of action is complex, and measurements of the concentration of the mAb are

usually taken in blood, rather than in the more relevant effect compartment. To make use of the available

pharmacokinetic (PK) measurements in blood, large systems of differential equations are needed that

describe the dynamics of themAb, the target and biomarkers in different compartments of the human body

[11]. To be able to develop such models, a very good understanding of the mode-of-action is necessary,

which is not always the case. Additionally, the estimation of the model parameters often has to be based

on evidence synthesis from several clinical and pre-clinical studies, which are typically available at a

late stage of drug development only. Hence we consider here simpler dose–time-response models that

are based on pharmacokinetic–pharmacodynamic (PKPD) models [12], where the PK component in the

unobserved effect compartment is treated as a latent variable [13]. These models were introduced in

a seminal paper by Levy [14] and have a long history of successful use in pharmacological modeling

[15,16]; they are also sometimes called KPD models [17]. Such dose–time-response models are needed

when PK measurements cannot be taken, as for example in ophthalmology [18], asthma and chronic

obstructive pulmonary disease [19], or in some pediatric studies [20]. Dose–time-response models are

also very attractive when the main focus is on prediction [21], as in our setting.

Dose–time-response models are nonlinear regression models, and both maximum-likelihood (ML)

methods and Bayesian methods can be used for inference and prediction [22]. Fitting of nonlinear regres-

sion models is often challenging, both from a technical and conceptual perspective. Problems commonly

encountered are convergence problems, identifiability problems, and ill-conditioning [23]. For MLmeth-

ods, a potential issue is that inference is based on asymptotic theory, and may not be valid for small

samples. In a Bayesian framework, prior distributions for nonlinear models have to be carefully chosen

to avoid unintended informative priors [24].

For clinical trials, a good understanding of the frequentist operating characteristics of the methods used

for analysis is important. To investigate these for dose–time-response models, simulations must be used.

Clinical trial simulations then allow for example to evaluate the coverage properties of the approximate

confidence and prediction intervals of the ML methods, and of the corresponding probability intervals

for the Bayesian approach. While the analysis of a single trial by ML is fast, this is not the case for the

Bayesian approach, as computer intensive Markov chain Monte Carlo (MCMC) methods are required.

In Section 2, the most important dose–time-response models are described, and parameter estimation

and prediction using both ML and Bayesian methods is presented. In Section 3, the operating character-

istics of the methods are evaluated, and in Section 4, a clinical trial example illustrates predictive use of

dose–time-response models. The article closes with a discussion.

2. Methods

Dose–time-response models for mAbs can in principle be based on any appropriate PKPD model [12].

The choice of a tentative model will be influenced by how the biologic is administered (intravenous bolus

injection, intravenous infusion, or subcutaneous injection), the understanding of the mode-of-action,

information from previous clinical and pre-clinical trials with the mAb, and past experience on other

mAbs with a similar mechanism. The model building will typically start with a simple model, and will

be refined if necessary. To assess whether a model is adequate, graphical methods and residual analyses

are helpful. We will now first describe the most basic dose–time-response model for mAbs for the case

where a single dose of the mAb is given, and then discuss various extensions.

2.1. Basic dose-time-response model

The models we use are semi-mechanistic PKPD models, which rely on simplified mechanistics concepts

[17]. The time and dosing regimen dependence is mediated through the latent kinetic component C(t),

which describes the drug concentration in the unobserved effect compartment. Its form primarily depends

on the route of administration. Monoclonal antibodies are usually administered as subcutaneous injec-

tions, and Figure 1 illustrates this scenario. A standard two-compartment model may here describe the

PK. C0 represents the subcutaneous skin depot in which the drug is injected. The biologic is then trans-

ferred to the unobserved effect compartment C by some absorption rate 𝜃1. At the same time, the drug is

slowly eliminated by the body with some rate 𝜃2. This process can be described by the following set of
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Figure 1. Schematic illustration of the pharmacokinetics of a biologic injected in a subcutaneous skin depot C0.

The resulting concentration in the unobserved effect compartment C is then directly linked to the response Y via

the Emax model.

linear differential equations

dC0(t)

dt
= −𝜃1C0(t) (1)

dC(t)

dt
= −𝜃2C(t) + 𝜃1C0(t). (2)

This set of differential equations can be solved analytically. For a single dose D given at time 0, the

concentration in the effect compartment over time is then

C(t) =
D 𝜃1

𝜃1 − 𝜃2

(
e−𝜃2t − e−𝜃1t

)
. (3)

It should be noted that the volume of distribution is set to 1, as the concentration in the effect compartment

is not observed [17]. To relate the time-varying and dose-dependent latent concentration to some drug

effect, we need to introduce a function g(C) of the latent concentration C in the effect compartment. The

most important model in this class is the direct-response Emax-model, for which

g(C(t)) = 𝜃5 +
𝜃4 ⋅ C(t)

𝜃3 + C(t)
. (4)

Here, 𝜃5 is the expected response under placebo, that is, when C(t) = 0, (𝜃5+𝜃4) is the maximal possible

expected response (C(t) → ∞), and 𝜃3 is the latent concentration for which the expected response is at

half of the maximal possible effect. If patient i receives a single subcutaneous injection of dose Di and a

continuous response yij is measured at time tj for i = 1, ...,N and j = 1, ..., J, we assume that

yij = 𝜃5 +
𝜃4Di

(
e−𝜃2tj − e−𝜃1tj

)

𝜃3
(
1 − 𝜃2∕𝜃1

)
+ Di

(
e−𝜃2tj − e−𝜃1tj

) + 𝜖ij (5)

with 𝜖i = (𝜖i1, ..., 𝜖iJ)
T ∼  (0,Σ) i.i.d. Note that observations on the same patient may be dependent,

while observations from different patients will be assumed to be independent. In the PKPD literature,

the response at baseline (i.e.. at t = 0) is typically part of the response model (5), while in the statistical

literature, only post-baseline response measurements would typically be included (with baseline response

as a covariate).

2.2. Model extensions

The basic dose–time-response model discussed in the previous section may often have to be modified,

and we now discuss some of the most important types of extensions. For the model-building, residual

plots and other diagnostic tools are essential [22, 23].

Copyright © 2015 John Wiley & Sons, Ltd. Statist. Med. 2015, 34 3017–3028
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2.2.1. Placebo response. In the basic model (5), we assume that the expected response dose not change

with time in a placebo group. In many cases, this is not a realistic assumption because of placebo-effects,

regression to themean, or disease progression. Tomodel a time-changing response in a placebo group, one

may replace 𝜃5 in (5) by
∑R

r=5
𝜃r𝛾r(t), where the 𝜃i are unknown real-valued parameters and the 𝛾i(t) are

arbitrary real valued known functions. This functional form allows great flexibility: in simple cases, the

placebo response may be a linear trend or a quadratic function. When a more complex placebo response

is expected, B-splines might be a more appropriate choice. More sophisticated models to describe disease

progression and how this is changed by the drug may be needed in some cases [18, 25].

2.2.2. Baseline covariates. Some of the PK or PD parameters may be patient-specific. If baseline covari-

ates such as the baseline response or body weight can explain some of these differences, parameters

may be modeled as functions of baseline covariates. For example, if in the basic model (5), the intercept

𝜃5 appears to be patient-specific, then the term
∑R

p=6
𝜃pXi(p−5) may be added to the basic model, where

X = (Xi1, ...,XiP) are values for patient i for relevant covariates. Baseline covariates may not explain all

differences among patients in model parameters, and then random-effects models can be considered [26].

2.2.3. Multiple doses. A key use of dose–time-response models is the prediction of the response for

dosing schedules not yet investigated. For example, if the time-changing response after a single dose of

the mAb given at time t = 0 is described by model (5), one may want to know how the response profile

would look like if a second dose is given at time t = 84. The basic model can be naturally extended to

handle multiple dosing. Assuming linear kinetics, the latent concentration profile for multiple doses is

obtained by superposition of the concentration profiles for single doses [12]. Many mAbs show linear

kinetics over the dose range of interest [27]. If a patient receives K subcutaneous injections with dose Dk

injected at time 𝜏k, k = 1, ...,K, then the latent drug concentration in the effect compartment is given by

C(t) =

q∑

k=1

Dk𝜃1

𝜃1 − 𝜃2

{
exp

[
−𝜃2

(
t −

k−1∑

j=0

𝛿j

)]
− exp

[
−𝜃1

(
t −

k−1∑

j=0

𝛿j

)]}
, (6)

where 𝛿0 = 𝜏1, 𝛿j = 𝜏j+1 − 𝜏j for j = 1, ...,K − 1, and q ∈ {1, ...,K − 1} is such that 𝜏q < t ⩽ 𝜏q+1
and q = K if t > 𝜏K . Including this in model (4), a dose–time-response model for multiple doses is

obtained. Figure 2 shows typical dose–time-response profiles using such a model. This illustrates that

the dose–time-response models presented earlier can describe complex response profiles for various

dosing regimens.

2.2.4. Route of administration. We mentioned earlier that the form of the latent concentration in the

effect compartment C(t) depends on the route of administration. So far, we focused on subcutaneous

injection. Other common scenarios for biologics are the administration as an intravenous bolus or an
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Figure 2. Dose–time-response profiles for five different single doses given at time 0 (solid lines) and for repeated

dosing at time 0 and 84 (dotted line).
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intravenous infusion with duration 𝛿. In these cases, the latent concentration is

C(t) = D exp(−𝜃t) for an intravenous bolus and (7)

C(t) =
D

𝛿𝜃

(
1 − e−𝜃𝛿

)
e−𝜃I{t−𝛿>0}(t−𝛿) for an intravenous infusion. (8)

In some cases, the biologic may pass through several compartments before reaching the effect com-

partment. If the kinetics of the system can be described by linear differential equations, the concentration

profile in the effect compartment is then a sum of exponential terms exp(−𝜃kt). For example, when an

mAb is administered as an intravenous bolus, a kinetic model with two exponential terms as used for sub-

cutaneous injections could be appropriate.When addingmore compartments, some care has to be taken to

avoid identifiability problems of the parameters. For example, in theEmax-model with subcutaneous injec-

tion (5), the same dose–time-response profiles are obtained for the parameter sets (𝜃1, 𝜃2, 𝜃3, 𝜃4, 𝜃5) and

(𝜃2, 𝜃1, 𝜃3
𝜃1

𝜃2
, 𝜃4, 𝜃5). To avoid this flip-flop problem, constraints on the parameter space can be imposed,

for example, one may require that 𝜃1 > 𝜃2.

2.2.5. Residual error. In the basic model (5), the residual errors are assumed to be correlated with

unstructured error covariance matrix. If the number of timepoints where the response is measured is large

or few subjects are included in the study, a more parsimonious error covariance model would be prefer-

able, if found to be appropriate. More complex residual error models where the residual variance is a

function of the expected response may also be necessary in some cases [28].

2.2.6. Indirect-response models and turnover models. In the basic model, the latent concentration in the

effect compartment is directly related to the response. Indirect-response or turnover models are alternative

models that may be more appropriate in some cases, depending on the mode-of-action of the mAb. In

these models, the production or elimination of a substance by the body is either stimulated or inhibited

by the mAb. The PK component of such models can again be treated as a latent variable [29].

2.3. Statistical inference and prediction

For nonlinear regression models, ML methods are commonly used for inference. As it is hardly possible

to maximize the likelihood analytically, one has to rely on numerical optimization procedures, such as

the quasi-Newton algorithm. The likelihood function may have several local maxima, and hence, the

performance of these iterative procedures often crucially depends on a good initial guess of the parameter

values, which may be difficult [22]. In practice, different starting values may have to be tried out, and

the optimization procedure may have to be changed in case of convergence problems. Specifically, these

issues occur if some of the parameters are weakly identified by the data, or if the likelihood has its

maximum close to the boundary of the parameter space.

Approximate confidence intervals for the individual parameters are typically derived based on asymp-

totic theory. The construction of confidence intervals for the parameters relies on the fact that, under

appropriate regularity conditions, the ML estimator is asymptotically normally distributed with covari-

ance matrix equal to the inverse of the Fisher information matrix. Confidence intervals for the expected

response and for the prediction intervals can be constructed similarly [23]. The derivation of confidence

and prediction intervals relies on asymptotics and linear approximations, and hence, the validity of these

intervals is questionable for small sample sizes. Moreover, as one of the mentioned regularity conditions,

the asymptotic ML theory is not applicable if the true parameter is at the boundary of the parameter

space. For dose–time-response models, parameter constraints have often to be imposed for identifiability

reasons, and it is then not uncommon that ML estimates are actually on the boundary.

In Bayesian inference, the Bayes’ theorem is used to derive the posterior distribution of the parame-

ters from the prior distribution and the likelihood. In the context of dose–time-response models, weakly

informative priors may be used if the data are expected to overwhelm any vague information available.

However, the choice of an appropriate weakly informative prior for nonlinear models requires some care

to avoid unintended informative priors [24]. If scientific expertise or experience from previous trials is

available, one may incorporate this knowledge by using informative priors [30]. This is especially useful

for parameters that are not well identified by the data from the clinical trial.

For dose–time-response models, direct calculation of the posterior distribution is usually not possible,

as this requires multidimensional integration. However, a sample from the posterior can be generated

Copyright © 2015 John Wiley & Sons, Ltd. Statist. Med. 2015, 34 3017–3028
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without the need to evaluate this integral, using MCMC methods [31], as implemented in WinBUGS

[32] or JAGS [33]. For these nonlinear regression models, MCMC is typically computer intensive, as the

Markov chain often exhibits strong autocorrelation and hence requires many iterations.

3. Operating characteristics

3.1. Motivation

In clinical trial simulations, data are generated repeatedly for a given dose–time-response model and then

analyzed to assess the frequentist performance of a statistical method. As noted earlier, confidence and

prediction intervals based on ML theory hold asymptotically only, and their coverage properties for sam-

ple sizes used in a clinical trial are certainly of interest. Frequentist properties for Bayesian approaches

are relevant as well, especially if priors are used that are intended to be non-informative. The clinical

trial simulations also allow to investigate technical aspects, for example the convergence properties of

algorithms used for ML estimation.

Performing a likelihood analysis for one simulated dataset is typically not numerically expensive for the

dose–time-response models considered here. Hence, running these for a thousand simulated datasets is

still possible in a manageable amount of time. This is different for the time-consuming Bayesian analysis

requiring MCMC algorithms. Consequently, doing so for many simulated datasets will not be possible

in a reasonable amount of time on a single computer. However, with access to computing clusters, this

becomes a feasible task.

3.2. Simulation setup and results

To illustrate the evaluation of operating characteristics, we consider a clinical trial where a mAb is

administered by subcutaneous injection. A model describing this situation was already discussed in

Section 2.1, and an example of such a dose–time-response model for different dose regimens is shown

in Figure 2. We assume that 30 patients are randomized to five treatment groups, each patient receiving

a single dose of 0.25, 0.5, 1, 2, or 3 units of the mAb. We did not include a placebo group to match to

the case study in the following section. We further assume that the response of interest is normally dis-

tributed and measured at time 0,7,14,21,28,56,84,112,140, and 168 for each patient. For the clinical trial

simulation, 1000 datasets are generated using a multivariate normal distribution. For the expected value,

we used the Emax model (5), with true parameters shown in Table I. The true values of the error covari-

ance matrix were set to (Σ)ij = 702 ⋅ 0.8|ti−tj|∕7. Each of these datasets is then analyzed by likelihood

and Bayesian methods, respectively, and both point estimates and confidence (probability) intervals are

calculated for each of the model parameters. Furthermore, point estimates and confidence (probability)

intervals are derived for the expected response of a patient who received two doses of 2 units on day 0

Table I. Summary results of the clinical trial simulations (CI=confidence interval, PI=probability interval).

Likelihood analysis Bayesian analysis

Median of

maximum 95% CI coverage Median of 95% PI coverage

Parameter True value likelihood-estimate (in %) ∗ posterior median (in %) ∗

𝜃1 0.07 0.067 90.7 0.087 94.8

𝜃2 0.03 0.032 91.2 0.028 97.2

𝜃3 10.00 9.67 97.4 13.23 92.1

𝜃4 −80.00 −80.7 99.7 −82.16 92.5

𝜃5 100.00 100.0 91.9 98.92 93.6

Time

0 100.00 100.0 91.9 98.92 93.6

10 28.38 27.9 99.8 26.80 95.3

50 30.32 30.5 99.9 31.32 94.6

100 26.18 25.4 100.0 24.44 93.5

200 57.13 57.0 98.4 57.49 94.3

300 95.61 94.8 94.6 92.21 90.5

∗ Monte Carlo standard error: 0.7%
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and 84 (Figure 2). For the ML analysis, we used the R-function optim to perform the optimization, and

we used the true values of the parameters as starting values. Of course, this might not be very realistic

and needs to be considered when assessing the quality of the results. For the Bayesian analysis, the fol-

lowing weakly informative priors were used: We assumed 𝜃1 to be uniformly distributed between 0.005

and 5, and in order to assure 𝜃2 < 𝜃1, we used a uniform prior on (0.005, 𝜃1) for 𝜃2. We also assumed

uniform priors for the other parameters, namely on the interval (0.001, 100) for 𝜃3, on (−200, 200) for

𝜃4, on (0, 200) for 𝜃5, and finally an inverse-Wishart prior for the covariance Σ, via Σ−1 ∼ Wishart(R, 𝜌).

We set 𝜌 to 10 and R to 10 ⋅ Σ to obtain a weakly informative prior distribution [32]. The corresponding

WinBUGS or JAGS code is provided in the appendix.

Table I shows the simulation results. Both the ML and the Bayesian methods provided point estimates

near to the true parameter values, with ML estimates tending to be closer. Furthermore, the coverage of

the confidence and probability intervals seems acceptable in this example. The coverage of the Bayesian

probability intervals was somewhat better than the coverage of ML-confidence intervals in the sense of

being typically closer to 95%.

4. Clinical trial example

4.1. Background

We will now discuss the use of dose–time-response models for the analysis of a clinical trial where the

effects of canakinumab were examined. Canakinumab is a human mAb designed to bind and neutralize

the activity of human IL-1𝛽, a pro-inflammatory cytokine. The study at hand focuses on its treatment

against acute gouty arthritis, a painful inflammatory disease that is especially common among people

above 70 years old [34]. This double-blinded dose-ranging study lasted 24weeks and used an active con-

trol. The participating patients were subsequently randomized to seven treatment groups, that is, they

received either a single dose of canakinumab (either 25mg, 50mg, 100mg, 200mg, or 300mg at day 1),

or multiple doses of canakinumab (first 50mg at day 1, then 50mg at week 4, then 25mg at week 8, and

finally 25mg at week 12) or daily oral doses of an active comparator. Each group consisted of approxi-

mately 50 patients, except for the active-control group that consisted of approximately 100 patients. An

important endpoint is the C-reactive protein (CRP) level, a biomarker for the severeness of inflammation.

It was measured every 4weeks (and additionally on day 15) in each of the seven treatment arms. We used

the logarithmized CRP values as the response in the following analysis.

The data from this clinical trial will be used to investigate whether the dose–time-response models

discussed in Section 2 are able to fit such data, and also whether they can predict the response for untested

treatment regimens. Hence, we will only consider the data from the five single-dose arms to fit a dose-

time-response model, and then use the model to predict the multiple dose treatment regimen with four

injections. Ideally, the model should describe the data well for each of the single-dose arms, and also

predict well the actual observed measurements from the treatment arm with multiple injections.

4.2. Dose–time-response model

Canakinumab was administrated by subcutaneous injection. Hence as a dose–time-response model, one

may first consider the Emax model defined by (5) in Section 2.1, where the parameters of the latent

PK effect compartment (𝜃1, 𝜃2), the Emax parameter 𝜃4, and the EC50-parameter 𝜃3 are the same for

each patient. Because of the flip-flop identifiability problem for this model discussed in Section 2.2, the

constraint 𝜃1 > 𝜃2 is imposed. Graphical exploration suggested that the baseline CRP levels (X0) are

important. As described in Section 2.2, we accounted for this by adding an additive linear predictor 𝜃6 ⋅X0

in the model, and included only post-baseline CRP levels as responses in our dose–time-response model.

4.3. Inference

An initial analysis of the clinical trial data with both likelihood and Bayesian methods revealed that

the parameter 𝜃1 is not identifiable from the data. In our model, 𝜃1 describes how quickly the drug is

absorbed by the effect compartment, or because the concentration is directly linked to the effect how

quickly the monitored biomarker reaches its minimum. As the patients are not examined until 15 days

after the injection, the data give us only limited information about the absorption parameter. This can be

seen in Figure 3, as the profile likelihood for 𝜃1 is essentially constant for values greater than 0.5 day−1.

From previous studies, the absorption rate from the subcutaneous skin depot to the blood was estimated

Copyright © 2015 John Wiley & Sons, Ltd. Statist. Med. 2015, 34 3017–3028
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Figure 3. Profile likelihood plot against the parameter 𝜃1. An upper bound based on previous studies is 0.3 day
−1

(vertical dotted line).

Table II. Bayesian analysis for data from the

five single-dose treatment groups.

Posterior median 95% probability interval

𝜃1 0.177 0.077 0.293

𝜃2 0.022 0.016 0.031

𝜃3 8.07 3.44 15.19

𝜃4 −1.41 −1.82 −1.06

𝜃5 0.934 0.65 1.29

𝜃6 0.431 0.38 0.53

as ka = 0.3 day−1 [35]. As the absorption into the effect compartment must be slower than into the blood,

this provides an upper bound 𝜃1 < 0.3 day−1. Although this information can be incorporated in the ML

analysis, the ML estimator is then on the boundary of the parameter space, and standard inference results

may not be appropriate. In the Bayesian framework, such information is included by setting the prior for

𝜃1 to zero for values larger than 0.3 day
−1. For the other parameters, vague priors are used, namely normal

distributions with expected value 0 and standard deviation 100 for 𝜃4, for 𝜃5, and 𝜃6, and a uniform prior

on the interval (0.01, 100) for 𝜃3. To assure 𝜃1 > 𝜃2, we chose an uniform prior on (0.005, 𝜃1) for 𝜃2.

For the covariance Σ, we used an inverse-Wishart prior via Σ−1 ∼ Wishart(R, 𝜌). We set 𝜌 to 7 and R to

7 ⋅ Σ0, where (Σ0)ij = 0.9|ti−tj|∕14, to obtain a weakly informative prior distribution [32]. We focus in the

following on the Bayesian analysis, as the likelihood analysis does not provide additional insights.

Table II shows the main results of the Bayesian analysis. To assess how well the dose–time-response

model fits the data, observed values and the fitted Bayesian model are compared in Figure 4. As can be

seen, the dose–time-responsemodel is able to describe the single-dose data very well (R2 = 0.82). Further

graphical residual analyses did not show any patterns that would suggest inadequacy of the model.

For mAbs, the dose–time-response models are mainly intended to be used for prediction of the

response-profile for untested treatment regimens. Hence, we will now use the model fitted on single-dose

data to predict a treatment regimen with four injections at different times (50mg at day 1 and week 4,

25mg at weeks 8 and 12). Such a treatment arm was also included in the clinical trial, and hence allows

to validate the dose–time-response model. Figure 5 shows the data from the multiple dose arm of the trial

and also the prediction from the dose–time-response model derived from the Bayesian analysis of the

single-dose data. All of the data points are within the 95% prediction intervals. Hence, the model appears

to predict the change of the response over time for the multiple dose treatment quite well.

4.4. Comparison to dose–response model

For conventional drugs, dose–response models at a fixed timepoint are often used. Although such models

could also be used for mAbs, dose–time-response models are more useful. Some advantages are obvi-

ous and have already been discussed earlier, such as the handling of complex dosing regimens and the

possibility of making predictions over time. In this section, we compare dose–response and dose–time-

3
0
2
4

Copyright © 2015 John Wiley & Sons, Ltd. Statist. Med. 2015, 34 3017–3028



M. R. LANGE AND H. SCHMIDLI

Figure 4. Bayesian analysis for the five single dose arms in the clinical trial. The dots represent the means of the

C-reactive protein-levels, the solid curves the median of the posterior, the grey area the 95% posterior probability

interval, and the vertical lines the 95% prediction probability interval. The last plot displays all posterior median

curves relative to their baseline value.

Figure 5. Bayesian prediction of the repeated dosing regimen based on the dose–time-response model derived

from single-dose regimens.

response models for the clinical trial example with canakinumab in patients with acute gouty arthritis.

For the dose–response model, the standard Emax model seems to be appropriate. As before, we account

for the different intercepts among the patients by including baseline CRP as a covariate. Hence, for a

fixed timepoint t, the normally distributed response (CRP) for a patient who received dose D and had a

baseline response of X0 is assumed to have an expected value of

𝛼1 + 𝛼4 ⋅ X0 +
𝛼2 ⋅ D

𝛼3 + D
(9)

and a residual error variance of 𝜎2. We used a Bayesian approach to fit this model for three timepoints t:

one in the beginning (day 15), one in middle (day 85), and one at the end of the trial (day 169), resulting

in three fitted models. We used weakly informative priors for all of the parameters, that is, a uniform

distribution on the interval (0, 5) for 𝛼1, on (−100, 100) for 𝛼2, on (0.001, 10000) for 𝛼3, and on (−10, 10)
for 𝛼4. At each of the three timepoints, we then used the fitted Emax model and the fitted dose–time-

response model (Table II) to estimate the difference to baseline. The results are visualized in Figure 6.

Apart from a vertical shift, the results look similar at each of the three timepoints. The confidence bands

of the dose–time-response model are narrower than those of the dose–response model, especially when

Copyright © 2015 John Wiley & Sons, Ltd. Statist. Med. 2015, 34 3017–3028
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Figure 6. Comparison of the dose–time-response model with the standard Emax model. The dots represent the

means of the measurements, the solid line the fitted Emaxmodel, and the dashed line the fitted dose–time-response

model. The light grey area and the dark grey area mark the respective 95%-confidence bands of the expected

response.

extrapolating beyond the range of observed doses. Although the fit of the observed data is similar for

both dose–response and dose–time-response models, the extrapolations for higher than observed doses

are very different for the two models. The predictions of the dose–response model for higher doses do

not seem trustworthy when considering the entirety of the data.

5. Discussion

For biologics such as mAbs, finding an appropriate treatment regimen is difficult, as both the dose and

timing between doses needs to be specified. This search space is much larger than for conventional drugs,

where usually just an adequate dose has to be identified. We proposed here the use of dose–time-response

models, which are semi-mechanistic models relying on simplified pharmacological concepts, and can

be expected to provide more reliable predictions than empirical models. Extrapolations are always more

challenging than interpolations, and hence, the possibility of grossly wrong predictions has to be acknowl-

edged. Nevertheless, the successful application of dose–time-response models for many conventional

drugs and for some mAbs [18] suggests that the models can be used with some confidence. This was also

illustrated in the clinical trial example in patients with gout, where the response-time profile for a multi-

ple dosing regimen could be well predicted from single-dose data. In this example, the effect of the mAb

on the response was fast, that is, took less than 1month. However, dose–time-response models have been

used for conventional small drug molecules where the drug effects happen on much longer timescales,

that is, months or years [21].

For conventional drugs, both dose–response models and more elaborate PKPD models are often used

in parallel. Dose–response model are considerably simpler to fit, require a less detailed understanding of

the precise mechanism of action, can be based on dose and response data only, and are easier to com-

municate. On the other hand, PKPD models can provide more scientific insight, and are particularly

useful at a late stage of drug development, where information from many studies can be integrated. The

situation is very similar for mAbs, where dose–time-response models and PK/PD models are comple-

mentary approaches. Although PK measurements of the mAb in blood may provide useful information,

sophisticated models described by large sets of differential equations are then required to make use of
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this information. Additionally, as noted by Lowe [11], the posology of mAbs and other biologics is less

related to PK compared with the posology of conventional drugs.

Both ML and Bayesian methods can be used for inference and prediction with dose–time-response

models. For a sufficiently large number of patients, and well-chosen visit times, both approaches typically

lead to similar conclusions. Bayesian methods allow to include prior information, which is particularly

useful if some of the model parameters are only partially identifiable from the clinical trial data. The

semi-mechanistic nature of the model is often important there, as some of the parameters then have a

scientific meaning [31]. This facilitates use of prior information derived from previous clinical trial with

the experimental mAb, or from publication on other mAbs with the same mechanism of action.

We considered here the use of dose–time-response models in the analysis of clinical trials with bio-

logics. Another important application of such models is in the design of clinical trials with mAbs, as

currently used designs may not be optimal. Locally optimal designs for dose–time-response models were

studied by Fang and Hedayat [36] and Dette et al. [37], which both address the optimal timing of visits.

The optimal design of clinical trials with biologics with respect to the choice of doses is described by

Lange and Schmidli [38].

Appendix

WinBUGS or JAGS code for the dose–time-response model defined by (3) and (5) in Section 2.1.
model{
# statistical model for single-dose-treatment, m=number of observation time-
# points, time=vector of observation timepoints, n.patients=number of patients
# observed at each timepoint, D=dose
for (j in 1:n.patients){

y[j,1:10] ˜ dmnorm(mu[],Sigma.inv[,])
}
for(i in 1:m){

c[i] <- D*theta1/(theta1-theta2)*( exp(-theta2*time[i]) - exp(-theta1*time[i]) )
mu[i] <- theta5 + theta4*c[i]/(theta3 + c[i])

}

# priors
Sigma.inv[1:10,1:10] ˜ dwish(R[,],10)
Sigma <- inverse(Sigma.inv[,])
theta5 ˜ dunif(0,200)
theta4 ˜ dunif(-200,200)
theta3 ˜ dunif(0.001,100)
# constraint theta1 > theta2 > 0
theta2 ˜ dunif(0.005,theta1)
theta1 ˜ dunif(0.005,5)
}
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Optimal design of clinical trials with
biologics using dose-time-response models

Markus R. Langea,b*† and Heinz Schmidlia

Biologics, in particular monoclonal antibodies, are important therapies in serious diseases such as cancer,
psoriasis, multiple sclerosis, or rheumatoid arthritis. While most conventional drugs are given daily, the effect
of monoclonal antibodies often lasts for months, and hence, these biologics require less frequent dosing. A
good understanding of the time-changing effect of the biologic for different doses is needed to determine both
an adequate dose and an appropriate time-interval between doses. Clinical trials provide data to estimate
the dose-time-response relationship with semi-mechanistic nonlinear regression models. We investigate how to
best choose the doses and corresponding sample size allocations in such clinical trials, so that the nonlinear dose-
time-response model can be precisely estimated. We consider both local and conservative Bayesian D-optimality
criteria for the design of clinical trials with biologics. For determining the optimal designs, computer-intensive
numerical methods are needed, and we focus here on the particle swarm optimization algorithm. This meta-
heuristic optimizer has been successfully used in various areas but has only recently been applied in the optimal
design context. The equivalence theorem is used to verify the optimality of the designs. The methodology is
illustrated based on results from a clinical study in patients with gout, treated by a monoclonal antibody.
Copyright © 2014 John Wiley & Sons, Ltd.

Keywords: Bayesian inference; clinical trial; D-optimal; experimental design; KPD model; monoclonal
antibody; nonlinear regression; particle swarm; pharmacokinetic; pharmacodynamic

1. Introduction

Monoclonal antibodies (mAbs) are large molecules produced by biological processes and developed to

attack one specific target related to the disease [1]. In the past decade, mAbs have become important

therapies in many serious chronic diseases, such as cancer and various autoimmune diseases, including

multiple sclerosis, psoriasis, or rheumatoid arthritis. Regulatory agencies have now approved more than

30 mAbs, and at least 300 different mAbs have been evaluated in over a thousand clinical studies [2].

Monoclonal antibodies have a very long lasting effect, and it may well take months until a mAb

is eliminated from the body. Therefore, finding an appropriate treatment regimen for mAbs consists

of determining both an adequate dose and an appropriate time-interval between doses. This requires a

good understanding of the time-changing and dose-dependent effect of a mAb, best achieved by devel-

oping a quantitative model. We propose to use dose-time-response models based on pharmacokinetic-

pharmacodynamic (PK/PD) models [3], where the PK component is treated as a latent variable [4–6].

These nonlinear regression models are also sometimes called KPDmodels [7] or composed models [8,9].

Such dose-time-response models have been successfully applied both for conventional drugs [10] and

for mAbs [11]. A detailed motivation and description of dose-time-response models for the analysis of

clinical trials with biologics is given in [12].

Drug development formAbs starts in Phase I with a first-in-man trial, where typically cohorts of healthy

subjects receive increasing single doses of the mAb. The first-in-man trial provides information on the

absorption and elimination of the mAb (PK) and also on the maximal tolerated dose to be used in the next

clinical trial. The following Phase II clinical trial is then carried out in patients and should provide the

data to build a dose-time-response model. Based on this model, the regimen for another Phase II study
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or for the confirmatory Phase III clinical trial is then determined. In commonly used designs for Phase

II trials of mAbs, the effect of different doses of the biologic is studied either with single doses [13] or

with multiple doses [14]. The choice of the number of doses, the actual dose levels (within the range of

possible doses determined by Phase I results), and the allocation ratio of patients to the different doses is

often decided in an ad hoc manner. For example, the maximal tolerated dose and two to five additional

doses are typically included, with adjacent dose levels differing by a factor of 1.5 to 2.5, and an equal

number of patients is allocated to the different doses.

For conventional chemical drugs, considerable progress has been achieved in the development of

dose-finding designs based on quantitative scientific approaches [15]. Dose-response models are now

commonly used to analyze the data [16], and appropriate clinical trial designs are often based on opti-

mal design methodology [17–19]. The aim of this article is to provide a first step toward a more rational

approach to the design of Phase II trials with biologics.

We investigate in the following optimal designs for clinical trials with biologics, with the objective

to precisely estimate the nonlinear dose-time-response model. As inference is our main focus, we use

the D-optimality criterion that is a function of the Fisher information and most commonly used in such

situations [20, 21]. In nonlinear models, the Fisher information depends on the true parameters of the

model. One approach to optimal design is then to use a best guess for these parameter values, leading to

locally D-optimal designs [22]. Locally D-optimal designs are typically not very robust, as the optimal

designs may be quite different for different parameter values. An alternative is to use a conservative

Bayesian D-optimality criterion, for which first a prior distribution for the parameters is specified, and

then the expected local D-optimality criterion is calculated with respect to the prior [23]. Optimal designs

with dose-time-response models have been previously discussed by Fang and Hedayat [8] and also by

Dette et al. [9]. However, both articles considered only the optimal choice of observation times, assuming

that the doses are given. In clinical trials with mAbs, the observation times (visits) are typically driven by

patient convenience, logistic constraints, and the requirement of regular safety monitoring, while there

is considerable flexibility in the choice of doses. Hence, we will describe in the following locally and

conservative Bayesian D-optimal designs for the choice of doses and corresponding sample sizes. To

actually find such designs, computer-intensive numerical algorithms are needed, and we propose here the

particle swarm optimizer [24]. This metaheuristic has been successfully used in various applications [25]

but only recently been considered for finding optimal designs [26]. To verify that the designs obtained

by this algorithm are actually optimal, the equivalence theorem can be used [21]. As a complementary

approach, we also used an algorithm developed by Yang et al [27], which can be considered as state of

the art when it comes to classical design algorithms.

In Sections 2.1 and 2.2, we first discuss the planning of clinical trials with biologics and then describe

the most common dose-time-response model. In Sections 2.3–2.5, we briefly review optimal design

theory, apply the D-optimality criteria for the dose-time-response model, and present the equivalence

theorem. The two algorithms for finding optimal designs are described in Sections 2.6 and 2.7. In

Section 3, a detailed example for the evaluation of optimal designs is shown and compared with an actual

design of a clinical trial in patients with gout. The article closes with a discussion.

2. Methods

2.1. Planning clinical trials with biologics

In the following text, we focus on Phase II clinical trials where the effect of single doses of a monoclonal

antibody is investigated. In planning such trials, decisions on many design aspects are necessary. Some

of these are mainly driven by ethical or practical constraints, others can be influenced by statistical con-

siderations. The choice of the control group (none, placebo, or active-control) and of the study duration

is often based on non-statistical reasons. This is also usually the case for the visit schedule, that is, the

times when the patients visit the investigators, the response is measured, and various assessments are

performed. As even a single dose of a monoclonal antibody may show effects over several months, the

visit schedule is to a large degree restricted by patient and investigator convenience, the requirements for

regular safety assessments, and other logistic constraints. Hence, we assume here that the visit times are

given. The total number of patients to be included in a clinical trial is based on statistical evaluations,

the minimal clinically relevant effect, costs, regulatory guidance, and established practice. We take the

sample size as given, as this topic has been extensively discussed.

5
2
5
0

Copyright © 2014 John Wiley & Sons, Ltd. Statist. Med. 2014, 33 5249–5264



M. R. LANGE AND H. SCHMIDLI

The most important and difficult decision to be made in Phase II trials is on the number of different

doses to be studied, on their actual dose levels, and on the proportion of patients to allocate to the different

dose groups. From previous trials, an upper limit for the maximal dose to be used in Phase II is typi-

cally available, for example, the maximum tolerated dose DMTD determined in Phase I. As monoclonal

antibodies are usually administered as subcutaneous injections, essentially, all dose amounts D between

0 and DMTD are feasible. In the following text, we describe a systematic and rational approach for the

choice of doses and corresponding proportions of patients based on optimal design theory [28], with the

aim to precisely estimate the dose-time-response model.

2.2. Dose-time-response models

For the analysis of clinical trials with monoclonal antibodies, we will use dose-time-response models as

described in detail by Lange and Schmidli [12]. These are semi-mechanistic PK/PDmodels, which rely on

simplified pharmacological concepts [7]. With such nonlinear models, the effect of time and of the dosing

regimen on the response is mediated through a latent concentration C(D, t) in the effect compartment,

whose form depends on the route of administration [3]. Monoclonal antibodies are usually administered

as subcutaneous injections, which suggests that the latent concentration in the effect compartment at time

t for a patient who received a single dose D at time 0 is given by the standard PK model (which is linear

in the dose):

C(D, t) =
D

1 − 𝜃2∕𝜃1

(
e−𝜃2t − e−𝜃1t

)
. (1)

Here, 𝜃1 is the absorption rate from the subcutaneous skin depot to the effect compartment and 𝜃2 the

elimination rate. To ensure identifiability, the constraint 𝜃2 < 𝜃1 has to be imposed [3]. In the PK literature,

this model includes another parameter V , the apparent volume of distribution. Without loss of generality,

we will assume that V = 1, as in our case, the concentration in the effect compartment is a latent variable

[7,8]. For other types of administration, different functions for the latent concentration would have to be

used, for example, for an intravenous bolus administration, C(t) = D exp(−𝜃t) [7,8]. In the example trial

discussed in Section 3, the monoclonal antibodies were administered subcutaneously. Therefore, we will

focus on model (1) in this paper. To relate the time-varying and dose-dependent latent concentration to

some drug effect, we use a modified Emax-model

𝜇(D, t, 𝜃) =

R∑

r=5

𝜃r𝛾r(t) +
𝜃4 ⋅ C(D, t)

𝜃3 + C(D, t)
, (2)

to describe the expected response. The response could be a biomarker or endpoint related to efficacy. Here,

𝜃4 is the maximum possible effect, and 𝜃3 is the latent concentration for which 50% of the maximum drug

effect is obtained [3]. The placebo effect, that is, the response over time when C(D, t) = 0, is described

by the function
∑R

r=5
𝜃r𝛾r(t), where the 𝛾i(t) are arbitrary real-valued functions. This functional form

allows great flexibility: in simple cases, this might be a constant, a linear trend, or a polynomial function.

When a more complex placebo effect is expected, B-splines might be a more appropriate choice. Another

advantage of this placebo model is that 𝜃5, … , 𝜃R will only enter linearly into the model, and the values

of these parameters will therefore have no effect on the optimal design (Section 2.3).

If patient i receives a single subcutaneous injection of dose Di, and a continuous response yij is

measured at time tj for i = 1, … ,N and j = 1, … , J, we assume that

yij =

R∑

r=5

𝜃r𝛾r(tj) +
𝜃4Di

(
e−𝜃2tj − e−𝜃1tj

)

𝜃3(1 − 𝜃2∕𝜃1) + Di

(
e−𝜃2tj − e−𝜃1tj

) + 𝜖ij (3)

with unknown parameters 𝜃 = (𝜃1, … , 𝜃R)
T and 𝜖i = (𝜖i1, … , 𝜖iJ)

T ∼  (0,Σ) i.i.d. While observations

on the same patient may be dependent, we assume that observations from different patients are indepen-

dent. We will assume in the following text that Σ is known, as information on the covariance matrix is

typically available and as these nuisance parameters are not of primary interest. In our model, the baseline

measurement of the response is considered an outcome and thus part of the model. Another possibility

Copyright © 2014 John Wiley & Sons, Ltd. Statist. Med. 2014, 33 5249–5264
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would be to condition on the baseline response values and include these as baseline covariates. Similar

models can be used for other types of endpoints such as binary and count data. The model can also be

naturally extended to handle multiple doses [12]. We will assume in the following text that for statisti-

cal inference with these nonlinear regression models, maximum likelihood (ML) methods or Bayesian

methods with weakly informative priors will be used [29].

2.3. Optimal design theory

We assume that we can administer any single dose Di ∈ [0,DMTD] to patient i, for i = 1, … ,N, and that

each patient is observed at fixed timepoints t1, … , tJ . We consider the common case where the biologic

is injected subcutaneously, so that the response can be modeled as described in (3). For each patient,

J measurements Yi = (yi1, … , yiJ) are then available for the final analysis, which allows us to make

inference about the unknown parameter 𝜃 based on Y1, … ,YN . The optimal design problem is to choose

the N doses (not necessarily all different) in such a way that we maximize the information about 𝜃. As

exact designs seem computationally not feasible, we will work with approximate designs. If wk is the

proportion of patients receiving dose Dk, an approximate design 𝜉 can be denoted by

𝜉 =

(
D1 · · · DK

w1 · · · wK

)
, where Dk ∈ [0,DMTD], 0 ⩽ wk ⩽ 1 and

K∑

k=1

wk = 1. (4)

From such a design, we can obtain an exact design by rounding Nwk to an integer nk such that the nk’s

add up to N. This design would then allocate nk patients to dose Dk. More sophisticated discretization

procedures were proposed and examined by Pukelsheim and Rieder [30].

We will define optimality criteria in terms of the Fisher information matrix, as this is arguably most

appropriate in pure inference problems [21,23]. For the approximate design (4) and model (3), the Fisher

information can be expressed as

M(𝜉, 𝜃) =

K∑

k=1

wkM(Dk, 𝜃), (5)

where M(Dk, 𝜃) is defined in the Appendix. With some regularity conditions, the inverse of M(𝜉, 𝜃) is

asymptotically proportional to the covariance matrix of the ML estimator, and, again asymptotically, the

MLE and the Bayesian estimator coincide [31]. It is obviously desirable for this covariance matrix to be

small, which motivates the use of optimal designs that maximize some statistically meaningful function

𝜙 of the information matrix. If Ξ denotes the set of all possible approximate designs, a design 𝜉𝜙 is called

𝜙-optimal if

𝜉𝜙 = argmax
𝜉∈Ξ

𝜙(M(𝜉, 𝜃)). (6)

A common choice is to maximize the determinant of M(𝜉, 𝜃), that is, a design maximizing detM(𝜉, 𝜃).

This is equivalent to minimizing the volume of the approximate confidence ellipsoid of the ML-estimator

�̂� or equivalently of an approximate probability ellipsoid of the posterior distribution, both based on

asymptotic theory. The resulting design is called D-optimal [22].

The D-optimality criterion for model (3) depends on the values of the unknown parameters. However,

it should be noted that not all of the parameters 𝜃1, … , 𝜃R are relevant for finding D-optimal designs.

We show in the Supporting information that the optimal design does not depend on the values of the

parameters 𝜃4, … , 𝜃R.

2.4. Local and conservative Bayesian D-optimality

Unlike the linear case, the Fisher information matrix for a nonlinear model depends on the unknown

parameters 𝜃 and consequently so do the optimal designs. This is a dilemma because in order to find

the optimal design for estimating the parameter vector 𝜃, we would actually have to know its true value.

The most straightforward approach to this problem is to use locally optimal designs, which were first

proposed by Chernoff [22]. Locally optimal designs replace the unknown parameters by a best guess,

which may be obtained from results in previous studies or from subject matter experts. The main issue

with locally optimal designs is that they can heavily depend on the guessed values of the parameter. This
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has the unpleasant consequence that if the best guess is not close to the actual parameter values, the

locally D-optimal design may be far from optimal.

In order to weaken this dependence on a best guess of the parameters, Bayesian approaches have

been proposed. A detailed overview on utility-based Bayesian methods for optimal designs and how they

relate to classical optimal design theory is given in [23]. For a prior p(𝜃) on Θ, we will call a design 𝜉B
conservative Bayesian-D-optimal, if

𝜉B = argmax
𝜉∈Ξ ∫

𝜃∈Θ

log detM(𝜉, 𝜃)p(𝜃)d𝜃. (7)

The calculation of the criterion (7) requires the use of computer-intensive numerical methods. We will

use in the following Monte Carlo integration, where a large sample {𝜃(1), … , 𝜃(S)} of size S = 1000, say,

is drawn from the prior distribution. The integral in (7) is then approximated by

1

S

S∑

s=1

log detM(𝜉, 𝜃(s)) (8)

In contrast to locally D-optimal designs that use a best guess of the parameters, the Bayesian approach

allows to properly incorporate uncertainty on the true parameter values. This is achieved by specifying a

prior distribution, which can be based on results from previous trials and/or an elicitation from scientific

experts. Conservative Bayesian D-optimal design may be expected to provide good designs for a wider

range of parameter values than locally optimal designs and hence to be more robust.

2.5. Equivalence theorem

The equivalence theorem allows to verify if a design is actually locally optimal [21]. If the optimality

criterion 𝜙 is a convex function in the information matrix, it states that a design 𝜉∗ is locally optimal for

a given 𝜃 if and only if

Φ(D, 𝜉∗, 𝜃) ⩽ 0, (9)

for all D ∈ [0,DMTD]. Equality holds when D is a support point of 𝜉∗. Here,Φ(D, 𝜉∗, 𝜃) is the directional

derivative of 𝜙 at 𝜉∗ in the direction ofM(D, 𝜃), whereM(D, 𝜃) is the information matrix referring to the

design that assigns all weight to only one dose D. The equivalence theorem is also the theoretical basis

of many algorithms that aim to construct optimal designs.

Because of the linearity of the integration, the equivalence theorem can also be applied for conservative

Bayesian optimality. For a given prior distribution p(𝜃) on Θ, (9) is then replaced by

∫Θ

Φ(D, 𝜉∗, 𝜃)p(𝜃)d𝜃 ⩽ 0. (10)

For the dose-time-response model (3), the directional derivative can be derived based on the framework

described in [32] and is given by

Φ(D, 𝜉∗, 𝜃) = tr (M(𝜉, 𝜃)M(Dk, 𝜃)) − R. (11)

The inequalities (9) and (10) are then equivalent to

tr (M(𝜉, 𝜃)M(Dk, 𝜃)) ⩽ R (12)

and

∫Θ

tr (M(𝜉, 𝜃)M(Dk, 𝜃))p(𝜃)d𝜃 ⩽ R. (13)

Copyright © 2014 John Wiley & Sons, Ltd. Statist. Med. 2014, 33 5249–5264
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2.6. Particle swarm optimization

Optimal designs are the solutions to complex optimization problems. Depending on the model, it can be

very difficult or impossible to find a solution analytically so that usually numerical algorithms are applied

[20]. The most common ones as, for example, (quasi-) Newton optimizers require the specification of

starting values, and the quality of the outcome may strongly depend on a good initial guess. To more

reliably find optimal designs, we will use an algorithm called particle swarm optimization (PSO). PSO

was inspired by animal swarms such as bird flocks and was first developed by Kennedy and Eberhart

[24] with the intention to simulate social behavior within a swarm. Over time, the PSO algorithm was

modified and seen to perform well as an optimizer [25].

The PSO algorithm is a metaheuristic that determines the optimum of a function by moving a given

number of candidate solutions through the search space until a satisfactory result has been found. The

movement of the candidate solutions (the particles) is to some degree random but is influenced by two

factors: on the one hand, the particle is drawn toward its personal best known position and, on the other

hand, toward the globally best found position by all particles of the swarm. If improvements are detected

on any position, the swarm remembers it, and this position will then influence the movement of the

particles in the future, which means in further iterations. This process is repeated until one hopes to have

found a satisfactory solution to the optimization problem. The PSO algorithm makes few assumptions

about the problem to be optimized, can consider a large variety of solutions, and does not need an initial

guess of the solution to start. Essentially, only the function and its domain have to be provided.

The PSO algorithm has only recently been applied for finding optimal design, and this is currently an

active area of research [26, 33]. Based on these investigations, the PSO algorithm seems to reliably find

good designs. However, it does not guarantee convergence to the optimal design. To verify the optimality

of the calculated designs, the general equivalence theorem can be used (Section 2.5). Furthermore, the

algorithm’s performance significantly depends on the number of particles and the number of iterations.

Obviously, a higher number of particles and iterations leads to better designs but also to longer computing

time. The PSO optimizer is robust but generally quite slow compared with (quasi-) Newton methods.

To increase the speed of convergence, tuning parameters of the PSO can be adapted, or the PSO can be

combinedwith a standard quasi-Newton optimizer. AnR function implementing this approach is provided

in [26].

2.7. An algorithm by Yang, Biedermann, and Tang

A very different approach to find a locally optimal design was recently described by Yang et al. [27].

Their algorithm is an extension of the approaches introduced by Fedorov and Leonov [21]. It requires

that the design space is discrete, in our case, a fine grid of values in [0,DMTD].

The algorithm starts with a nonsingular design 𝜉0, optimizes the weights for the current support, and

discards the points with zero weight. This yields a new design 𝜉1. In the next step, a new doseD∗ is added

to the support, where

D∗ = arg max
D∈[0,DMTD]

Φ(D, 𝜉1, 𝜃),

with the directional derivative Φ defined in (11). Then, the weights are optimized again and so on. The

algorithm finishes either after a certain number of iterations or when Φ is smaller than some predefined

𝜖 > 0.

Yang et al. [27] proposed their algorithm for the construction of locally optimal designs. How-

ever, it can be easily modified to calculate conservative Bayesian designs by replacing Φ(D, 𝜉, 𝜃) by
∫
Θ
Φ(D, 𝜉, 𝜃)p(𝜃)d𝜃, as described in Section 2.5.

3. Clinical trial example

3.1. Background

In this section, we will describe both local and conservative Bayesian optimal designs for clinical trials

with biologics. For illustration and comparison, we will make use of a clinical trial on the monoclonal

antibody canakinumab in patients with acute gouty arthritis [13]. In this study, 400 patients were ran-

domized to an active-control treatment, five different single doses of canakinumab, or a multiple dose
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Table I. Summary of the posterior distribution for key parameters from a Bayesian

dose-time-response analysis of the canakinumab trial [13].

Posterior Posterior mean of Posterior standard deviation of

Parameter mean log-transformed parameter log-transformed parameter

𝜃1 0.16 −1.94 0.50

𝜃2 0.03 −3.56 0.17

𝜃3 7.31 1.82 0.61

regimen of canakinumab. To simplify the discussion, we focus here on the five single dose arms. The

doses chosen in the single dose arms were 25, 50, 100, 200, and 300 mg, with about 50 patients random-

ized to each dose. As no formal optimality criterion was used to choose the doses and the proportion of

patients per dose, we will refer to this trial design in the following as the ad hoc design. An important

endpoint in this trial was the C-reactive protein level, which is a biomarker for the severity of inflamma-

tion. In the trial, this biomarker was observed every 2 weeks for a total duration of 168 days. The first

observation was taken on day 0 before any drug administration. The time-changing effect of canakinumab

on the log-transformed C-reactive protein level can be well described by the dose-time-response model

defined in (3), with no placebo effect, that is, R = 5 and 𝛾5(t) = 1 (Supplementary Information). We also

assume here that Σ = 𝜎2I with 𝜎 known. Table I shows the main results of a Bayesian analysis, where

the parameter values are constraint by 𝜃2 < 𝜃1 and 𝜃1 < 0.3. The first constraint ensures identifiability

(Section 2.2), while the second constraint is based on information from previous trials, where the absorp-

tion rate from the subcutaneous skin depot to the blood was estimated as ka = 0.3 day−1 [34]. As the

absorption into the effect compartment must be slower than into the blood, this provides an upper bound

𝜃1 < 0.3 day−1. More details are provided in [12].

3.2. Locally D-optimal designs

Locally D-optimal designs require a best guess for the parameter values of the nonlinear dose-time-

response model (3). As pointed out in Section 2.3, the values of the parameters 𝜃4 and 𝜃5 are irrelevant

for finding the optimal design and hence need not be specified. The optimal design also does not depend

on the value of 𝜎. The highlighted line in Table II shows the locally D-optimal design when the parameter

values are taken as the posterior mean given in Table I. Hence, randomizing 55% of the patients to a

dose of 13 mg and 45% of the patients to a dose of 300 mg would have been the optimal design, for the

objective to best estimate the dose-time-response model. Figure 1 (top panel) shows the expected dose-

time-response profiles for these two doses. The graphic helps to understand why this choice of doses may

not be unreasonable. Only two doses are selected in the optimal design, as comparedwith the five different

doses in the conducted trial. This is due to the frequent measurement of the response over the time range,

noting that model parameters could already be estimated based on a single dose. Of the two selected

doses, one is the highest possible dose, and the other one is much lower than in the actual trial. A high dose

seems necessary in order to be able to obtain a good estimate for the maximum effect, and a small dose

is required to obtain information on the return to the baseline response. Interestingly, the inclusion of a

placebo group (i.e.,D = 0) is not optimal according to this design criterion, as information on the response

under placebo is obtained at baseline and at the late timepoints of the low-dose group. It should be noted

that this is a desirable result as the actual clinical trial contain an active-control treatment rather than

placebo. That only two doses are selected in the optimal design highlights that much more information

is gained by considering longitudinal information. For example, if the analysis would be based on only

one timepoint (visit), and a conventional Emax model would then be used, three doses would then be

needed even for identifying all parameters [35]. Figure 1 also shows that the given observation times

(visits) are not an optimal choice if good estimation of the absorption rate 𝜃1 is important. Because the

first observation is not taken until 14 days after the subcutaneous injection, almost no information can be

obtained about this parameter. This absorption parameter determines how quickly the response drops to

its lowest value, and hence, one or two observations shortly after the injection would have been needed

to better estimate 𝜃1.

LocallyD-optimal designs can be very sensitive to the assumed values of themodel parameters. Table II

lists the optimal designs for different assumed parameter values. It can be seen that the locally D-optimal

design is sensitive to the assumed values of the elimination rate 𝜃2, and even more so to the assumed
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Table II. Locally D-optimal designs for various nominal values of the model parameters 𝜃, defined

by doses Dk and proportion of patients wk (in %) randomized to Dk.

i 𝜃(i)1 𝜃(i)2 𝜃(i)3 D1 D2 D3 w1 w2 w3 detM

1 0.05 0.01 0.49 0 1.2 300 13.3 65 21.6 3.91e + 04

2 0.16 0.01 0.49 0 1 300 13.3 65 21.7 948

3 0.3 0.01 0.49 0 1 300 13.3 65.1 21.7 16

4 0.05 0.03 0.49 0 1.4 31.6 2.93 51.3 45.8 1.5e + 04

5 0.16 0.03 0.49 0.97 52.6 — 57.5 42.5 — 984

6 0.3 0.03 0.49 0.918 57.9 — 57.9 42.1 — 17.4

7 0.05 0.04 0.49 1.78 75.8 — 52.7 47.3 — 6.2e + 03

8 0.16 0.04 0.49 1.22 209 — 57.6 42.4 — 1.36e + 03

9 0.3 0.04 0.49 1.14 240 — 58 42 — 24

10 0.05 0.01 2.44 0 5.7 300 13.3 64.9 21.8 1.45e + 03

11 0.16 0.01 2.44 0 4.8 300 13.3 64.9 21.8 35.2

12 0.3 0.01 2.44 0 4.6 300 13.3 64.9 21.8 0.595

13 0.05 0.03 2.44 0 7.2 152 3.2 51 45.8 605

14 0.16 0.03 2.44 4.83 262 — 57.5 42.5 — 39.7

15 0.3 0.03 2.44 4.57 289 — 57.9 42.1 — 0.7

16 0.05 0.04 2.44 8.5 300 — 51.5 48.5 — 245

17 0.16 0.04 2.44 5.61 300 — 55.4 44.6 — 35.6

18 0.3 0.04 2.44 5.3 300 — 55.9 44.1 — 0.578

19 0.05 0.01 7.31 0 16.6 300 13.2 64.1 22.7 134

20 0.16 0.01 7.31 0 13.8 300 13.2 64.1 22.7 3.27

21 0.3 0.01 7.31 0 13.3 300 13.1 64.2 22.7 0.0553

22 0.05 0.03 7.31 0 19.6 300 2.9 48.6 48.5 62.1

23 0.16 0.03 7.31 13.1 300 — 55.1 44.9 — 3.09

24 0.3 0.03 7.31 12.5 300 — 55.7 44.3 — 0.0509

25 0.05 0.04 7.31 19.9 300 — 45.5 54.5 — 13.6

26 0.16 0.04 7.31 15 300 — 51.5 48.5 — 1.58

27 0.3 0.04 7.31 14.5 300 — 52.8 47.2 — 0.0248

28 0.05 0.01 110 0 105 300 12.4 34.1 53.4 0.0495

29 0.16 0.01 110 0 92.7 300 11.3 38.2 50.5 0.00159

30 0.3 0.01 110 0 90.6 300 11 39 50.1 2.75e − 05

31 0.05 0.03 110 0 95.5 300 5.17 29.9 64.9 0.000642

32 0.16 0.03 110 82.5 300 — 36.4 63.6 — 8.26e − 05

33 0.3 0.03 110 81.9 300 — 36.1 63.9 — 1.53e − 06

34 0.05 0.04 110 95.7 300 — 32.8 67.2 — 2.99e − 05

35 0.16 0.04 110 90.4 300 — 34.2 65.8 — 2.22e − 05

36 0.3 0.04 110 89.7 300 — 33.5 66.5 — 4.53e − 07

0.16 0.03 7.31 0.00 300 — 0.50 0.50 — 3.74 ⋅ 10−3

0.16 0.03 7.31 0.00 30 300 0.33 0.33 0.33 0.82

The locally D-optimal design using the point-estimates of 𝜃 obtained from the analysis of the clinical trial

is highlighted in gray. The study duration was 168 days, and patients were observed every 2 weeks. The last

two rows show reference designs.

values of 𝜃3, the concentration at which half of the maximal possible effect is obtained. For small nominal

values of these two parameters, the suggested optimal designs tend to select rather small doses. This is

understandable, as a small value of 𝜃2 corresponds to a long-lasting drug effect. To be able to observe the

return to the baseline within the given observation period, the doses must not be too high. A small value

of 𝜃3 indicates that already a low dose is sufficient to have a strong effect, and hence, including a high

dose seems then not necessary. With the same logic, one can explain that for high nominal values of 𝜃2
and 𝜃3, the suggested optimal doses are high. Table II also shows that the locally D-optimal designs are

not very sensitive to the assumed value of 𝜃1. As noted earlier, the visit schedule does not allow precise

estimation of this parameter, regardless of the dose selected. Furthermore, the nominal value of 𝜃1 varies

less than the other parameters in Table II because of the constraints (Section 3.1). All the designs shown

in Table II are locally D-optimal, as verified by the equivalence theorem (Section 2.5). More details are

provided in Supporting Information.
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Figure 1. Expected dose-time-response profiles for the doses of the locally D-optimal design with parameter

values taken from Table I (𝜃4 was set to −0.98, 𝜃5 was set to 1.00). Logarithmized responses were used for the

analysis, the values in this plot were transformed to the original scale. The three locally D-optimal designs shown

correspond to observation periods lasting 168 (top), 84 (middle), or 672 (bottom) days, respectively (see also

Table III, scenarios 3, 7, 11). The vertical lines represent the observation times (visits every 2 weeks).

Locally optimal designs often serve as a benchmark for simple and logistically more convenient

designs. A reasonable criterion to assess the performance of a design is the relative deficiency [21]. The

relative deficiency of a design 𝜉 with respect to D-optimality is defined as

(𝜉, 𝜃) =

[
det(M(𝜉∗, 𝜃))

det(M(𝜉, 𝜃))

]1∕R
, (14)

where 𝜉∗ is the locally D-optimal design for given parameter 𝜃. It describes the relative increase in patients

needed to achieve the same accuracy of parameter estimation as for the optimal design. In our setting, a

plausible ad hoc design would be to allocate half of the patients to the highest dose of 300 mg and the

other half to placebo. Alternatively, a design allocating one-third of the patients to placebo, one-third

to 30 mg, and the other third to 300 mg also might seem reasonable. These two ‘intuitively’ selected

designs are examined in the last two rows of Table II. The relative deficiency of these designs is 3.83 and

1.31, respectively. Therefore, these seemingly reasonable designs perform considerably worse than the

optimal design.

Figure 2 shows the relative deficiencies (𝜉(i), 𝜃(j)) of the locally D-optimal design from scenario i

(Table II) when in fact 𝜃(j) is the true parameter. The performance of the designs is represented by tiles in

different shades of gray. The darker the shade, the worse is the performance of the design. A white tile

indicates a deficiency of 1. This can be observed on the diagonal, where the locally D-optimal designs

used the true 𝜃. Close to the diagonal, where the true and the actually used parameters only differ slightly,

the locally optimal design is still fairly efficient. If the true parameters differ substantially, however, the

performance of the design might be very bad. For example, if the true parameter 𝜃(1) was misspecified as

Copyright © 2014 John Wiley & Sons, Ltd. Statist. Med. 2014, 33 5249–5264
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Figure 2. Relative deficiencies(𝜉(i), 𝜃(j)) of the locally D-optimal design from scenario i (Table II) when in fact

𝜃j is the true parameter. The darker the shade, the worse is the performance of the design. A white tile indicates

no deficiency, a black tile a deficiency of 65.

Table III. Locally D-optimal designs for various lengths of the observation period and of the observation

intervals.

Length of observations Length of observation

Scenario period (days) intervals (days) D1 D2 D3 w1 w2 w3

1 84 1 0.00 22.63 300.00 18.6 58.1 23.2

2 84 7 0.00 19.32 300.00 12.6 61.7 25.6

3 84 14 0.00 19.57 300.00 5.6 65.8 28.4

4 84 28 27.53 300.00 — 69.1 30.9 —

5 168 1 0.00 14.28 300.00 0.77 56.6 42.6

6 168 7 12.87 300.00 — 56.6 43.4 —

7 168 14 13.14 300.00 — 55.1 44.9 —

8 168 28 18.27 300.00 — 51.1 48.1 —

9 672 1 19.13 300.00 — 47.4 52.5 —

10 672 7 15.38 300.00 — 48.0 52.0 —

11 672 14 15.10 300.00 — 47.3 52.7 —

12 672 28 20.00 300.00 — 44.7 55.3 —

The row representing the visit structure of the actual clinical trial setting is highlighted in gray.

𝜃(36), the resulting design would require more than 50 times more patients in order to achieve the same

precision in parameter estimation as design 𝜉(1).

To obtain further insight on how the locally D-optimal design is affected by decisions made at the plan-

ning stage, we consider two aspects that seem particularly worth investigating: how much is the optimal

design affected by the choice of the overall length of the observation period and by the choice of the visit

schedule. Table III shows locally D-optimal designs using the point-estimates of 𝜃 obtained from the

analysis of the clinical trial from Table I, for various lengths of the observation period and the time inter-

val between observations (visits). The optimality of the designs was checked by the equivalence theorem

(Supporting Information). It can first be seen that the choice of the time interval between observations

has only little influence on the optimal selection of doses, although it has a moderate effect on the optimal

proportion of patients randomized to the doses. However, the locally D-optimal is strongly affected by
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the choice of the observation period. Halving the original 6-month observation period results in a locally

D-optimal design that allocates some patients to the dose D = 0. As seen in Figure 1 (middle panel), the

other selected doses have not returned to the baseline response by the end of the observation period. In

order to still be able to estimate the baseline parameter well, some patients then need to receive placebo.

Generally, more patients are allocated to smaller doses in this scenario, as limited information about the

return to baseline rate can be obtained for high doses. Table III also shows that extending the length of

the observation period beyond 6 months has only little effect on the locally D-optimal design. As seen

in Figure 1 (bottom panel), the effect of the drug on the response is minimal in the second half of the

observation period for the maximal dose of 300 mg, and hence, these late observations provide limited

information on the model parameters.

3.3. Conservative Bayesian D-optimal designs

Locally D-optimal designs can be very sensitive to the assumed value of the model parameters 𝜃. The

conservative Bayesian D-optimality criterion averages the local D-optimality criterion over the parameter

space with respect to a prior distribution p(𝜃), and hence can be expected to be more robust, as discussed

in Section 2.4. The conservative Bayesian D-optimal designs depend on the prior information available

at the planning stage of the clinical trial. We illustrate this dependence by considering various priors

ranging from very informative to moderately informative. More specifically, we assume that the prior

for the logarithmized relevant parameters (𝜃1, 𝜃2, 𝜃3) has the form of a constraint multivariate normal

distribution with diagonal covariance matrix and constraints 𝜃2 < 𝜃1 < 0.3. We used the logarithmized

parameters because the posterior from the Bayesian trial analysis was approximately normal on the log-

scale. To specify a very informative prior for the log-transformed parameters, we use the posterior mean

shown in Table I as the mean and the squared posterior standard deviations (shown in the same table)

as the diagonal elements of the covariance matrix of the unconstrained multivariate normal distribution.

To obtain less informative priors, the covariance matrix is multiplied by a factor of K. Table IV shows

the conservative Bayesian D-optimal designs obtained for a range of priors. A small value of K indicates

a very informative prior. Consequently, the obtained optimal designs do not differ very much from the

locally D-optimal designs that used the medians of the same distribution as the nominal value for 𝜃. With

increasing values ofK, the priors become less informative, and the designs start to differ considerably. For

a less informative prior, a wider range of parameter values is plausible; and as seen in Table II, different

assumed parameter values resulted in very different locally D-optimal designs. Conservative Bayesian

D-optimal designs account for this by selecting more doses. For example, if K = 5, then three different

doses are necessary; and if K is larger, the resulting conservative Bayesian optimal designs consists of at

least four different doses. Hence, the averaging in (10) tends to lead to multiple support points, and this

effect becomes more pronounced for a more dispersed prior p(𝜃). However, independently of the selected
prior, every considered conservative Bayesian D-optimal design still suggests to randomize about 40%
of the patients to the highest possible dose of 300 mg to obtain sufficient information for estimating the

maximum possible effect. The equivalence theorem (Section 2.5) was used to check the optimality of

the designs (Supporting Information). For very dispersed priors (K greater than 20), we were not able

to identify designs that are exactly optimal according to the equivalence theorem, despite considerable

computational effort. We used a sample size of 1000 for the Monte Carlo integration, which seemed

adequate. To illustrate this for one specific case (K = 15), we created five different samples from the prior

distribution and, for each sample, constructed the respective optimal design. All five designs allocated

Table IV. Conservative Bayesian D-optimal designs for priors that range from very informative (K = 1) to

moderately informative (K = 20).

K D1 D2 D3 D4 D5 w1 w2 w3 w4 w5 ∫ log detM MC error

1 12.2 300 — — — 54.7 45.3 — — — 1.48 0.074

2 4.40 13.15 300 — — 1.5 52.7 45.8 — — 1.25 0.090

3 4.30 19.00 300 — — 16.3 39.5 44.3 — — 1.00 0.11

5 3.20 24.22 300 — — 20.3 36.9 42.8 — — 0.43 0.14

10 0.37 1.00 7.63 45.92 300 1.1 11.3 24.6 22.7 40.4 −0.62 0.21

15 1.00 10.86 68.27 300 — 19.4 22.6 17.9 40.0 — −1.93 0.28

20 1.00 12.13 79.14 300 — 22.4 20.8 0.17.1 39.7 — −2.84 0.34

The designs are defined by doses Dk and the proportion of patients wk (in %) randomized to Dk.

Copyright © 2014 John Wiley & Sons, Ltd. Statist. Med. 2014, 33 5249–5264
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roughly 40% of the patients to the maximum dose and 20% to 1 mg. Furthermore, about 20% were

allocated to a dose around 10 mg and the other 20% to a dose around 65 mg. Table IV also provides the

Monte Carlo integration error.

3.4. Comparison of different design approaches

In this section, we compare the performance of the local and conservative Bayesian D-optimal designs

with the design used in the actual clinical trial [13], which allocates 20% of the patients to each of the

doses 25, 50, 100, 200, and 300 mg. We will call this design the ad hoc-design 𝜉A. For the determination

of the locally D-optimal design 𝜉L, we use (0.16, 0.03, 7.31)
T as nominal values for (𝜃1, 𝜃2, 𝜃3)

T (Table I).

For the calculations of the conservative Bayesian optimal design 𝜉B, we use a moderately informative

prior (K = 10, Table IV). As our objective was to find a design that allows precise estimation of the

model, the relative performance of the three different designs for a range of parameter values is of interest.

We consider the 36 scenarios of the parameter values shown in Table II and compare the optimal designs

with the ad hoc design. As a measure of relative deficiency, we use the ratio that we already introduced

in (14). The ad hoc design corresponds then to the numerator and the locally or conservative Bayesian

D-optimal design to the denominator. This ratio will then be calculated for each 𝜃(m),m = 1, … , 36. A

ratio less than 1 indicates that the optimal design is better than the ad hoc design. The results are summa-

rized in Figure 3. As expected, the locally D-optimal design performs best when the assumed parameters

are close to the true ones. As seen in Table II, the locally D-optimal design was especially sensitive to

the parameter 𝜃3 and less sensitive to the others in this setting. So the good performance of the locally

D-optimal design for true value of 𝜃3 = 7.31 or 𝜃3 = 2.44, that is, close to the assumed 7.31, does not

come as a surprise. In these scenarios, the conservative Bayesian optimal design performs well, too, and

is a better choice than the ad hoc design. On the other hand, when the true value of 𝜃3 is much larger

than assumed, the locally D-optimal design performs rather poorly (see, e.g., scenarios 28–36). Those are

also the scenarios where the ad hoc design performs best, although even then, the conservative Bayesian

D-optimal design is not much worse. When 𝜃3 is very small, the conservative Bayesian D-optimal design

performs considerably better than the other two designs, being up to eight times more efficient than the

ad hoc one. Furthermore, in none of the 36 scenarios does the conservative Bayesian D-optimal design

perform worst. In a nutshell, the locally D-optimal design may be a good choice when reliable and rather

precise information about the plausible values of the parameters is available, but this is rarely the case.

The conservative Bayesian design is the best choice when it comes to robustness: It often performs very

well and seems never to be a bad choice for realistic scenarios. Its worst case deficiency compared with

the ad hoc design is still at a decent 1.1, meaning, one would only need 10%more patients in order obtain

the same precision in the estimates.
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Figure 3. Deficiency ratios of the locally D-optimal design (crosses) and the conservative Bayesian D-optimal

design (diamonds), relative to the ad hoc design, for various scenarios corresponding to different parameter values.

Points below the threshold of 1 (dashed line) indicate a better performance of the optimal designs compared with

the ad hoc design.
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3.5. Placebo effect and correlated residual errors

In the previous examples, we investigated optimal designs for the case where no placebo effect is present

and where the residual errors are uncorrelated. In this section, we illustrate how to calculate a locally D-

optimal design for a model with non-constant placebo effect and dependent within-patient observations.

We consider here the dose-time-response model (3), where the placebo effect is described by a second-

degree polynomial, that is, we set R = 7, 𝛾5(t) = 1, 𝛾6(t) = t and 𝛾7(t) = t2. As before, each patient is

observed at 13 time points 0,14,…,168, but we assume now that observations within a patient are corre-

lated with a covariancematrixΣwhere the i-th row and j-th column are given by 0.8|i−j|, i, j ∈ {1, … , 13}.
Hence, observations further apart are less correlated, which is often a reasonable assumption. The nom-

inal values for 𝜃1, 𝜃2, 𝜃3 are again taken from Table I; the nominal values for 𝜃4 − 𝜃7 are irrelevant for

computing the optimal design (Supporting Information). The resulting locally D-optimal design allocates

60% of the patients to 11.1 mg and the other patients to the maximum dose of 300 mg. This design is

very similar to the optimal design for the model used in the previous section (see scenario 23 in Table II).

Despite the presence of a placebo effect, the inclusion of a placebo group is not optimal in this specific

case. The optimality of the design was confirmed by the equivalence theorem (Supporting Information).

4. Discussion

In this article, we provided a framework for the rational design of clinical trials with monoclonal antibod-

ies. The proposed approach makes use of a semi-mechanistic dose-time-response model for the analysis

of the data and chooses the clinical trial design based on D-optimality criteria. Finding good clinical trial

designs requires careful thinking about how the data generated by the trial will be used. In our context,

we assumed that the main purpose of the clinical trial is the estimation of the dose-time-response model.

Local and conservative Bayesian D-optimality criteria have been commonly used to find good designs for

inference, although various other criteria have also been proposed [23]. As an alternative, one could also

try to define a specific utility and then use decision-theoretic methods to find the best design [36]. How-

ever, drug development for biologics is complex and diverse, and defining an appropriate utility function

seems challenging.

We focused here on clinical trials in earlier phases of drug development, from which information on

the time-changing effect of the monoclonal antibody is obtained and hence allows to derive adequate

regimens for the following clinical trials. In these earlier phases, clinical trials with biologics often use

single doses, and then the main design question of interest is which doses to select and howmany patients

to allocate to the doses. In our setup, we assumed that the visit times are given, and hence, we considered

only the optimal choice of doses. Fang and Hedayat [8] as well as Dette and colleagues [9] assumed

that the doses are given and focused on the optimal choice of observation times. One could extend these

approaches by allowing both an optimal choice of doses and of the observation times. However, practical

issues would then also have to be taken into account, such as logistic constraints; patient convenience; the

need for regular safety monitoring; and the costs associated with the trial duration, the number of visits,

and the number of patients.

The semi-mechanistic models discussed here can also be naturally extended tomultiple-dose regimens,

as described in [12]. Hence, D-optimal designs for multiple dose regimens with different time-intervals

between doses could also be developed, using very similar approaches as described here. Such designs

would be particularly interesting in later phases of development, when some information on single-dose

effects is already available.

We considered here the design of non-adaptive clinical trials only. Adaptive designs allow to change

some features of an ongoing clinical trial and may be more efficient than conventional fixed designs

[15,37]. Two-stage adaptive designs seem particularly attractive in dose-finding studies, where based on

interim results on the doses studied in the first stage, additional doses can be used in the second stage

[19, 38]. If only weak information on the parameters of the dose-time-response model is available when

planning a clinical trial with biologics, then such a two-stage adaptive design would allow to obtain more

information at the interim analysis, which could then be used to better select the doses for the second

stage based on optimal design methodology.

For the dose-time-response models considered here, model parameters were assumed to be the same

for all patients. This assumption is also usually made in dose-response modeling for conventional drugs.

However, in some settings, it may be more realistic to assume that some parameters are patient-specific

and then model these as random-effects. Finding optimal designs for nonlinear mixed effect models is

Copyright © 2014 John Wiley & Sons, Ltd. Statist. Med. 2014, 33 5249–5264
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more difficult as approximations of the Fisher information have to be used [39], which require heavy

computation to be accurate [40]. Considerable progress has been achieved in this area [41], and useful

software is also available [42, 43]. Other extensions that may be necessary in some settings are more

complex error models or replacing the effect compartment models considered here by indirect response

models [6].

In our setting, it seems difficult to find locally D-optimal or conservative Bayesian D-optimal designs

analytically. Dette et al. [9] and Fang and Hedayat [8] analytically derived optimal designs for similar

but simpler models. However, these authors optimized observation times rather than doses. For the more

complex dose-time-response models considered here, it seems that numerical methods have to be used to

find the optimal designs. We applied here the particle swarm algorithm to optimize the criteria. The main

advantage of this metaheuristic is its reliability, allowing an automatized search for the optimal design.

A drawback compared with optimizers such as quasi-Newton algorithms is the longer computing time.

The equivalence theorem can be used to verify whether a design constructed by a numerical procedure

is actually optimal. In our case study, the PSO algorithm was able to identify the locally D-optimal design

for almost all scenarios with moderate computational effort. For the scenarios where the exactly optimal

design was not found by the PSO algorithm, we used the approach by Yang et al. [27], which then

succeeded. It should be noted, however, that the resulting optimal designs did not provide a considerably

better efficiency compared to the ones calculated by the PSO, that is, the improvement was less than 1.5%.
The same conclusions also hold for the conservative Bayesian D-optimal designs, as long as the prior is

not too vague. For dispersed priors, both the PSO algorithm and the algorithm by Yang and colleagues

had difficulties identifying the exactly optimal design and required considerable computational effort.

In these cases, the approach by Yang and colleagues typically resulted in an inflated number of support

points that tended to cluster around the support points of the optimal design. A similar phenomenon was

also noted by Fedorov and Leonov [21] for related algorithms. They suggested to overcome this problem

by merging two doses that are close to each other. If, at an iteration of the algorithm, a dose D⋆ is to be

added to the support, and another doseD′ withD′ ∈ [D⋆−𝛿,D⋆+𝛿] is already among the support points,

D′ is removed, and its weight is added to the one of D⋆. This approach was only partly useful in our

setting, as choosing an appropriate 𝛿 was difficult. An approach that worked much better was based on

the graph of the directional derivative ((12) and (13)). This allowed to detect the modes of the directional

derivative, and then for each mode to perform a weighted averaging over the respective clusters, with

weights obtained by the algorithm. Because the approach by Yang and colleagues requires more fine

tuning than the PSO, a good strategy may be to calculate the optimal designs with the PSO and use the

algorithm by Yang and colleagues only if the verification with the equivalence theorem fails.

The actual implementation of optimal designs for clinical trials with biologics may impose further

practical constraints. For example, if a placebo-control rather than an active-control is used in a study,

then one requirement may be that a given proportion of the patients is allocated to placebo. Similarly, if

a certain dose is included in a trial, then clinicians may require that a minimal proportion of patients is

then randomized to this dose. These and other similar constraints can be built easily into the algorithms

used for finding the optimal design. Compared with the currently used designs that often rely on ad hoc

decisions, a systematic use of optimal design concepts may be expected to lead to more informative

clinical trials with biologics.

Appendix

The Fisher information matrix is given in (5). The term M
(
Dk, 𝜃

)
is defined as

M(Dk, 𝜃) =

(
𝜕𝜇(Dk, t, 𝜃)

𝜕𝜃

)T

Σ−1
𝜕𝜇(Dk, t, 𝜃)

𝜕𝜃
, where t = (t1, … , tJ)

T . (A1)

For the model defined in (3), the jth row of F(D, t, 𝜃) = (𝜕𝜇(D, t, 𝜃)∕𝜕𝜃)T is then

(
D𝜃4𝜃3

(
𝜃1tje

−𝜃1tj(𝜃1 − 𝜃2) − e−𝜃2tj𝜃2 + e−𝜃1tj𝜃2
)

(
𝜃3(𝜃1 − 𝜃2) + D𝜃1

(
e−𝜃2tj − e−𝜃1tj

))2 ,−
D𝜃1𝜃3𝜃4

(
tje

−𝜃2tj(𝜃1 − 𝜃2) − e−𝜃2tj + e−𝜃1tj
)

(
𝜃3(𝜃1 − 𝜃2) + D𝜃1

(
e−𝜃2tj − e−𝜃1tj

))2 ,

−D𝜃1𝜃4(𝜃1 − 𝜃2)
(
e−𝜃2tj − e−𝜃1tj

)

(
𝜃3(𝜃1 − 𝜃2) + D𝜃1

(
e−𝜃2tj − e−𝜃1tj

))2 ,
D
(
e−𝜃2tj − e−𝜃1tj

)
𝜃1

D𝜃1
(
e−𝜃2tj − e𝜃1tj

)
+ 𝜃3(𝜃1 − 𝜃2)

, 𝛾5(tj), … , 𝛾R(tj)

)
. (A2)
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1. Bayesian analysis of the data from the Canakinumab trial

For the Bayesian analysis of the logarithmized summary data (CRP-levels) from the Canakinumab trial, we assumed a

dose-time-response model without placebo-effect and different intercept parameters for each of the five single-dose arms.

As priors, we used weakly informative uniform distributions on (0.01, 2, ) for σ, on (−5, 5) for θ4, on (0.01, 10) for θ3,

on (−1, 10) for the intercept parameters θ5,1, ..., θ5,5, and on (.005, .3) for θ1. To assure θ1 > θ2, we chose a conditionally

uniform prior on (0.005, θ1) for θ2. The results are summarized in Figure 1 and Table 1 of this supplementary material.

Figure 1. Graphical representation of the Bayesian Analysis for the five single dose arms in the clinical trial. The dots represent the medians of the CRP-levels, the solid curves the

median of the posterior, the dark grey area the 95% posterior probability interval and the light grey area the 95% prediction probability interval.

0 50 100 150 200 250

1
2

5

Time (days)

C
R

P
 (

m
g
/l
)

●

● ●

●

●

●

●
●

25 mg

0 50 100 150 200 250
1

2
5

Time (days)

C
R

P
 (

m
g
/l
) ●

● ●
●

●

●

●

●

50 mg

0 50 100 150 200 250

1
2

5

Time (days)

C
R

P
 (

m
g
/l
)

●

●

●

●

● ●

●

●

100 mg

0 50 100 150 200 250

1
2

5

Time (days)

C
R

P
 (

m
g
/l
) ●

●

● ●

●

●

●
●

200 mg

0 50 100 150 200 250

1
2

5

Time (days)

C
R

P
 (

m
g
/l
)

●

●

● ●

●

●

●

●

300 mg

2



M. R. Lange and H. Schmidli

Statistics
in Medicine

Parameter Posterior mean 95% probability interval

θ1 0.16 0.05 0.29

θ2 0.03 0.02 0.04

θ3 7.31 1.62 17.91

θ4 -0.98 -1.20 -0.80

θ5,1 1.22 1.11 1.32

θ5,2 1.16 1.06 1.27

θ5,3 0.82 0.70 0.93

θ5,4 1.33 1.19 1.47

θ5,5 0.99 0.85 1.14

σ 0.82 0.65 1.06

Table 1. Summary of the Bayesian analysis of the data from the Canakinumab trial.

2. Conditionally linear parameters in D-optimal designs

The fact, that locally D-optimal designs do not depend on parameters that enter the model ”linearly” is known for a while,

see e.g. P. Hill, Technometrics, 22, 275-276, 1980 and A. Khuri, Technometrics, 26, 59-61, 1984. In our case, this means

that the locally D-optimal design does not depend on parameters θ4, ..., θR. This is also the case for conservative Bayesian

D-optimal designs.

Proof : The information matrix for a one-dose design using only dose D does not depend on θ5, ..., θR and is given by

M(D, θ) = F (D, t, θ1, ..., θ4)Σ
−1FT (D, t, θ1, ..., θ4). (1)

F (D, t, θ1, ..., θ4) can be factorized as F (D, t, θ) = diag(θ4, θ4, θ4, 1, 1, ..., 1)F̃ (D, t, θ1, θ2, θ3), where the jth row of

F̃ (D, t, θ1, θ2, θ3) is given by

(
Dθ3(θ1tje

−θ1tj (θ1 − θ2)− e−θ2tjθ2 + e−θ1tjθ2)

(θ3(θ1 − θ2) +Dθ1(e−θ2tj − e−θ1tj ))2
,−

Dθ1θ3(tje
−θ2tj (θ1 − θ2)− e−θ2tj + e−θ1tj )

(θ3(θ1 − θ2) +Dθ1(e−θ2tj − e−θ1tj ))2
,

−Dθ1 (θ1 − θ2)
(
e−θ2tj − e−θ1tj

)

(θ3 (θ1 − θ2) +Dθ1(e−θ2tj − e−θ1tj ))
2 ,

D(e−θ2tj − e−θ1tj )θ1
Dθ1(e−θ2tj − eθ1tj ) + θ3(θ1 − θ2)

, γ5(tj), ..., γR(tj)

)

.

Applying this to (1) yields

M(D, θ) = diag(θ4, θ4, θ4, 1, 1, ..., 1) F̃ (D, t, θ1, θ2, θ3)Σ
−1F̃T (D, t, θ1, θ2, θ3)

︸ ︷︷ ︸

:=M̃(D,θ1,θ2,θ3)

diag(θ4, θ4, θ4, 1, 1, ..., 1). (2)

and for the information matrix of the design ξ, this yields

M(ξ, θ) = diag(θ4, θ4, θ4, 1, 1, ..., 1)

(
K∑

k=1

wkM̃(Dk, θ1, θ2, θ3)

)

︸ ︷︷ ︸

:=M̃(ξ,θ1,θ2,θ3)

diag(θ4, θ4, θ4, 1, 1, ..., 1). (3)

respectively. Consequently,

det(M(ξ, θ)) = det(diag(θ4, θ4, θ4, 1, 1, ..., 1))
2 · det(M̃(ξ, θ1, θ2, θ3)) (4)

Hence, the optimality criterion is a product of two functions of which one depends on the parameter θ4 but not on the

design and the other depends on the design but not on θ4, ..., θR.
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3. Equivalence theorem to verify the D-optimality of designs

Verification of the locally D-optimal designs in Table 2 of the article. Optimality holds when the curve is below the

threshold of 5 (horizontal dashed line) for all doses in [0,300] (see Section 2.5 of the article). The optimal doses are

indicated by the vertical dashed lines.
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Verification of the locally D-optimal designs in Table 3 of the article. Optimality holds when the curve is below the

threshold of 5 (horizontal dashed line) for all doses in [0,300] (see Section 2.5 of the article). The optimal doses are

indicated by the vertical dashed lines.

0 50 100 150 200 250 300

3
.6

4
.0

4
.4

4
.8

Szenario 1

0 50 100 150 200 250 300

3
.8

4
.2

4
.6

5
.0

Szenario 2

0 50 100 150 200 250 300

4
.0

4
.4

4
.8

Szenario 3

0 50 100 150 200 250 300

3
.5

4
.0

4
.5

5
.0

Szenario 4

0 50 100 150 200 250 300

3
.8

4
.2

4
.6

5
.0

Szenario 5

0 50 100 150 200 250 300

3
.6

4
.0

4
.4

4
.8

Szenario 6

0 50 100 150 200 250 300

3
.5

4
.0

4
.5

5
.0

Szenario 7

0 50 100 150 200 250 300

3
.5

4
.0

4
.5

5
.0

Szenario 8

0 50 100 150 200 250 300

2
3

4
5

Szenario 9

0 50 100 150 200 250 300

2
3

4
5

Szenario 10

0 50 100 150 200 250 300

2
3

4
5

Szenario 11

0 50 100 150 200 250 300

2
3

4
5

Szenario 12

7



Statistics
in Medicine M. R. Lange and H. Schmidli

Verification of the conservative Bayesian D-optimal designs in Table 4 of the article. Optimality holds when the curve is

below the threshold of 5 (horizontal dashed line) for all doses in [0,300] (see Section 2.5 of the article). The optimal

doses are indicated by the vertical dashed lines.
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observations). Optimality holds when the curve is below the threshold of 7 (horizontal dashed line) for all doses in
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4. Numerical values for deficiencies of locally D-optimal designs

Relative deficiencies D(ξ(i), θ(j)) of the locally D-optimal design from scenario i (see Table 2 of the article) when in fact

θj is the true parameter. Numerical values correspond to the graphical representation in Figure 2 of the article.

ξ(i)\θ(i) 1 2 3 4 5 6 7 8 9 10 11 12

1 1 1.01 1.02 1.42 1.32 1.31 1.36 1.16 1.16 1.89 1.62 1.58

2 1.01 1 1 1.5 1.35 1.32 1.42 1.17 1.16 2.18 1.84 1.79

3 1.01 1 1 1.5 1.35 1.32 1.42 1.17 1.16 2.18 1.84 1.79

4 1.18 1.21 1.22 1 1.06 1.08 1.07 1.23 1.27 1.62 1.43 1.39

5 1.17 1.16 1.16 1.06 1 1 1.06 1.11 1.13 2.11 1.76 1.7

6 1.17 1.15 1.15 1.08 1 1 1.07 1.1 1.12 2.22 1.83 1.77

7 1.25 1.31 1.32 1.08 1.07 1.08 1 1.1 1.13 1.63 1.44 1.41

8 1.14 1.16 1.16 1.32 1.16 1.14 1.12 1 1 2.09 1.79 1.74

9 1.14 1.14 1.15 1.38 1.19 1.17 1.16 1 1 2.2 1.87 1.82

10 1.93 2.16 2.19 1.26 1.61 1.67 1.36 1.52 1.57 1 1.01 1.01

11 1.7 1.89 1.92 1.23 1.53 1.58 1.32 1.44 1.48 1.01 1 1

12 1.65 1.83 1.86 1.23 1.52 1.56 1.32 1.42 1.46 1.01 1 1

13 2.67 3 3.05 1.43 1.77 1.83 1.28 1.56 1.65 1.16 1.2 1.21

14 1.95 2.17 2.2 1.36 1.59 1.62 1.23 1.3 1.35 1.15 1.14 1.14

15 1.87 2.07 2.1 1.35 1.57 1.6 1.24 1.28 1.32 1.15 1.13 1.13

16 3.2 3.61 3.66 1.6 2.05 2.12 1.47 1.65 1.73 1.24 1.29 1.3

17 2.2 2.46 2.5 1.41 1.71 1.75 1.3 1.38 1.43 1.15 1.16 1.16

18 2.1 2.34 2.38 1.39 1.67 1.71 1.29 1.35 1.4 1.15 1.15 1.15

19 5.19 5.91 6 1.76 2.42 2.54 1.73 2.31 2.42 1.37 1.5 1.52

20 4.28 4.87 4.94 1.62 2.23 2.33 1.64 2.12 2.22 1.24 1.34 1.36

21 4.13 4.69 4.77 1.6 2.19 2.3 1.62 2.09 2.19 1.22 1.32 1.34

22 7.15 8.15 8.28 2.19 2.98 3.13 1.92 2.47 2.61 1.75 1.93 1.95

23 4.72 5.36 5.45 1.82 2.44 2.55 1.67 2.01 2.11 1.4 1.51 1.53

24 4.47 5.08 5.16 1.78 2.38 2.48 1.64 1.96 2.05 1.36 1.47 1.49

25 7.85 8.95 9.09 2.37 3.21 3.36 2.02 2.56 2.71 1.9 2.1 2.13

26 5.52 6.28 6.38 1.97 2.65 2.77 1.77 2.16 2.27 1.53 1.66 1.69

27 5.29 6.01 6.11 1.92 2.59 2.71 1.74 2.12 2.23 1.49 1.62 1.64

28 54.3 62.4 63.3 8.56 9.9 10 4.84 6.42 6.65 8.76 10 10.2

29 44.9 51.6 52.4 7.32 8.66 8.81 4.31 5.87 6.11 7.36 8.42 8.56

30 43.4 49.8 50.6 7.12 8.46 8.6 4.23 5.78 6.02 7.14 8.16 8.29

31 53.7 61.6 62.6 8.58 10.1 10.2 4.88 6.5 6.75 8.73 9.98 10.2

32 44.8 51.4 52.2 7.48 9.02 9.21 4.48 6.07 6.34 7.44 8.5 8.64

33 44.6 51.1 51.9 7.45 8.99 9.19 4.47 6.06 6.32 7.41 8.46 8.6

34 56 64.2 65.2 8.96 10.5 10.7 5.11 6.78 7.03 9.11 10.4 10.6

35 51.3 58.9 59.8 8.34 9.9 10.1 4.85 6.49 6.75 8.41 9.61 9.78

36 51.3 58.9 59.8 8.35 9.92 10.1 4.85 6.5 6.76 8.42 9.61 9.78
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ξ(i)\θ(i) 13 14 15 16 17 18 19 20 21 22 23 24

1 2.03 1.62 1.58 2 1.72 1.7 4.27 3.4 3.26 2.84 2.61 2.59

2 2.23 1.76 1.72 2.16 1.87 1.85 4.92 3.9 3.73 3.05 2.84 2.83

3 2.23 1.76 1.72 2.16 1.87 1.85 4.92 3.9 3.73 3.05 2.84 2.83

4 1.58 1.6 1.63 2.12 1.95 1.96 2.15 1.95 1.92 3.27 2.89 2.85

5 1.61 1.62 1.64 2.01 1.93 1.95 2.55 2.32 2.27 2.85 2.7 2.69

6 1.62 1.63 1.65 2 1.93 1.96 2.65 2.41 2.36 2.8 2.68 2.67

7 1.27 1.26 1.28 1.51 1.47 1.48 2.15 1.88 1.83 2.06 1.98 1.99

8 1.58 1.35 1.33 1.54 1.45 1.45 3.56 2.87 2.75 2.07 2.01 2.03

9 1.66 1.39 1.37 1.58 1.47 1.46 3.88 3.11 2.97 2.13 2.06 2.07

10 1.17 1.13 1.13 1.21 1.16 1.16 1.36 1.22 1.21 1.51 1.33 1.31

11 1.2 1.13 1.13 1.24 1.17 1.17 1.5 1.33 1.3 1.61 1.4 1.38

12 1.21 1.13 1.13 1.26 1.18 1.17 1.55 1.36 1.33 1.63 1.43 1.4

13 1 1.07 1.09 1.07 1.14 1.15 1.31 1.21 1.19 1.23 1.2 1.2

14 1.06 1 1 1.06 1.02 1.02 1.63 1.43 1.4 1.3 1.2 1.18

15 1.08 1 1 1.07 1.01 1.01 1.69 1.47 1.43 1.33 1.2 1.19

16 1.05 1.06 1.08 1 1.03 1.04 1.31 1.22 1.21 1.1 1.03 1.03

17 1.06 1.01 1.01 1.03 1 1 1.53 1.36 1.34 1.23 1.13 1.11

18 1.07 1 1 1.04 1 1 1.57 1.39 1.36 1.26 1.14 1.13

19 1.14 1.33 1.37 1.18 1.33 1.36 1 1.01 1.01 1.14 1.14 1.14

20 1.12 1.27 1.3 1.16 1.27 1.29 1.01 1 1 1.17 1.14 1.14

21 1.12 1.25 1.28 1.15 1.26 1.28 1.01 1 1 1.17 1.14 1.14

22 1.17 1.36 1.4 1.1 1.27 1.32 1.15 1.18 1.18 1 1.04 1.05

23 1.08 1.17 1.2 1.03 1.12 1.14 1.16 1.14 1.14 1.03 1 1

24 1.08 1.16 1.18 1.02 1.1 1.12 1.16 1.14 1.13 1.03 1 1

25 1.21 1.4 1.44 1.11 1.29 1.33 1.23 1.27 1.27 1.01 1.05 1.06

26 1.11 1.23 1.26 1.05 1.16 1.19 1.17 1.17 1.17 1.01 1.01 1.01

27 1.1 1.22 1.25 1.04 1.15 1.18 1.16 1.16 1.16 1.01 1 1.01

28 2.44 3.22 3.34 2.08 2.89 3 2.96 3.35 3.41 1.5 1.92 1.98

29 2.21 2.94 3.06 1.93 2.67 2.78 2.57 2.9 2.95 1.4 1.79 1.85

30 2.17 2.9 3.02 1.9 2.63 2.74 2.5 2.83 2.87 1.39 1.76 1.82

31 2.46 3.25 3.38 2.06 2.85 2.97 2.99 3.38 3.44 1.5 1.91 1.97

32 2.29 3.03 3.16 1.96 2.63 2.74 2.66 2.99 3.04 1.44 1.79 1.84

33 2.29 3.03 3.15 1.95 2.63 2.74 2.65 2.98 3.03 1.43 1.78 1.84

34 2.57 3.39 3.52 2.15 2.92 3.02 3.12 3.53 3.59 1.56 1.96 2.02

35 2.46 3.25 3.37 2.07 2.8 2.91 2.93 3.31 3.36 1.51 1.89 1.95

36 2.46 3.25 3.37 2.07 2.8 2.91 2.93 3.31 3.37 1.51 1.89 1.95
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ξ(i)\θ(i) 25 26 27 28 29 30 31 32 33 34 35 36

1 2.79 2.66 2.7 3.53 4.1 4.06 2.9 3.58 3.46 3.09 4.17 3.93

2 2.98 2.86 2.91 3.55 4.17 4.13 2.9 3.61 3.48 3.1 4.23 3.97

3 2.98 2.86 2.91 3.55 4.17 4.13 2.9 3.61 3.48 3.1 4.23 3.97

4 4.42 3.36 3.22 21 18.8 18.1 35.6 31.1 29.8 42.7 38.7 37.3

5 3.67 3.05 2.96 10.3 10.2 9.95 16.1 15.9 15.2 19.1 20.3 19.5

6 3.57 3.01 2.93 9.11 9.16 8.91 13.9 13.9 13.4 16.5 17.9 17.1

7 2.53 2.17 2.15 5.91 5.9 5.74 8.4 8.38 8.04 9.8 10.3 9.93

8 2.17 2.05 2.09 2.56 2.95 2.91 2.5 2.98 2.86 2.75 3.57 3.36

9 2.16 2.07 2.11 2.4 2.82 2.78 2.19 2.66 2.56 2.38 3.17 2.97

10 1.6 1.42 1.4 2.88 2.82 2.78 2.61 2.78 2.75 2.75 3.02 2.98

11 1.69 1.5 1.49 3 2.98 2.95 2.68 2.91 2.87 2.82 3.17 3.12

12 1.71 1.53 1.51 3.02 3.02 2.99 2.69 2.94 2.9 2.84 3.21 3.16

13 1.38 1.27 1.27 2.66 2.5 2.45 3.11 2.99 2.91 3.43 3.35 3.27

14 1.34 1.24 1.24 2.16 2.23 2.2 1.94 2.15 2.1 2.07 2.39 2.32

15 1.34 1.24 1.24 2.11 2.21 2.18 1.8 2.04 2 1.91 2.26 2.19

16 1.11 1.05 1.05 1.77 1.76 1.73 1.53 1.64 1.61 1.6 1.76 1.73

17 1.24 1.16 1.15 1.97 2.03 2 1.66 1.86 1.82 1.75 2.04 1.98

18 1.26 1.18 1.17 2 2.07 2.04 1.68 1.89 1.85 1.77 2.08 2.02

19 1.22 1.17 1.17 2.02 1.87 1.84 2 1.96 1.96 2.08 2.09 2.09

20 1.25 1.18 1.17 2.15 2.01 1.98 2.11 2.08 2.08 2.19 2.22 2.22

21 1.26 1.18 1.17 2.18 2.04 2.01 2.12 2.1 2.1 2.21 2.24 2.24

22 1.01 1.02 1.03 1.44 1.37 1.35 1.33 1.34 1.33 1.38 1.4 1.4

23 1.04 1 1 1.66 1.58 1.56 1.49 1.51 1.5 1.54 1.6 1.59

24 1.05 1.01 1.01 1.69 1.61 1.59 1.51 1.54 1.53 1.57 1.63 1.62

25 1 1.02 1.03 1.41 1.34 1.32 1.27 1.28 1.27 1.31 1.34 1.33

26 1.02 1 1 1.57 1.49 1.47 1.4 1.42 1.41 1.45 1.5 1.49

27 1.02 1 1 1.59 1.51 1.49 1.43 1.45 1.44 1.48 1.53 1.52

28 1.45 1.81 1.86 1 1.01 1.01 1.02 1.05 1.06 1.03 1.07 1.08

29 1.37 1.69 1.74 1.01 1 1 1.03 1.05 1.05 1.04 1.07 1.08

30 1.36 1.66 1.71 1.01 1 1 1.03 1.05 1.05 1.05 1.07 1.08

31 1.43 1.76 1.81 1.02 1.03 1.03 1 1.02 1.02 1 1.03 1.03

32 1.36 1.61 1.65 1.07 1.05 1.05 1.01 1 1 1.01 1 1

33 1.36 1.6 1.65 1.07 1.05 1.05 1.01 1 1 1.01 1 1

34 1.47 1.76 1.8 1.07 1.06 1.07 1.01 1.01 1.01 1 1 1

35 1.43 1.7 1.74 1.07 1.06 1.06 1.01 1 1 1 1 1

36 1.42 1.7 1.74 1.07 1.06 1.06 1.01 1 1 1 1 1
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